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The subject of this thesis is the equilibria, stability and nonlinear dynamics of magnetically-
sheared atmospheres as they relate to magnetic flux emergence and the structure and disrup-
tion of magnetic arcades of the sun. To begin this study, two families of analytical solutions 
describing isothermal magnetostatic atmospheres in uniform gravity are presented that are 
characterized by magnetic shear. Both families of solutions vary in two Cartesian dimen-
sions, one family is composed of an undulating magnetic layer while the other is composed 
of a periodic system of magnetic arcades. Two aspects of these magnetostatic atmospheres 
are addresses. First, linear stability analyses demonstrates that certain members of both 
families of equilibria are stable. Next, it is shown that planar magnetostatic atmospheres 
are deformable into a continuous sequence of the shear layer equilibria by prescribed ideal 
magnetohydrodynamic displacements that combine undulating, interchanging, and shearing 
of field lines. The shearing of the field lines is performed in such a manner that the Lorentz 
force in the invariant direction vanishes. Since no other body forces point in this direc-
tion, the shearing establishes force balance in the direction of invariance. Two-dimensional 
time-dependent simulations are then performed with the Zeus2D code to show that shear-
ing motions naturally arise in conjunction with mixed-mode (interchanging and undulating) 
instabilities of magnetostatic atmospheres. In these simulations, it is found that ascending 
magnetic loops shear in response to the Lorentz force which drives large amplitude shear 
Alfven waves. The Alfven waves provide an explanation for impulsive shearing motions 
at the photosphere in newly emerged bipolar active regions. Simulations of instabilities of 
sheared magnetic arcades indicate that self-induced shear Alfven waves coupled with mag-
netic buoyancy provide a powerful feedback mechanism that results in multiple eruptions of 
the arcades. Such eruptions from a single structure compare favorably with observation of 
repetitive homologous flares. 
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Chapter 1 
Introduction 
The effects of the Sun's magnetic field are ubiquitous in the solar atmosphere and give rise 
to a diverse collection of phenomena throughout the solar atmosphere. On the photosphere, 
sunspots can be seen with the naked eye when the Sun is close to the horizon. In the corona, 
vast arches and helmet-streamers can be seen during a total eclipse or with a coronagraph. 
Perhaps the most visible and intricate effects of the solar magnetic field are seen in the 
chromosphere. When viewed in Ha, a vast number of magnetically dominated structures 
are seen in the form of magnetic loops and systems of loops forming arch filament systems, 
quiescent filaments (dense plasma concentrations supported above the photosphere by a 
magnetic field) and chromospheric spicules to name but a few. This collection of phenomena 
all arise from magnetic fields that buoyantly rise through the solar atmosphere to eventually 
make their way into interplanetary space. The level of magnetic activity follows an eleven 
year cycle during which the global magnetic field is observed to reverse polarity. 
It is believed that solar magnetic fields are amplified at the base of the solar convection 
zone until they reach sufficient strength for their, buoyant rise to the surface to produce 
emerging flux regions (EFR's). At the photosphere, an EFR is composed of equal amounts 
of magnetic flux of opposite signs that are separated by a relatively well defined line referred 
to as the polarity inversion line, or the magnetic neutral line. An important and unexplained 
feature of EFR's is that as the magnetic flux emerges at the solar photosphere, it nearly 
always exhibits a shearing motion. This motion takes the form of magnetic elements of 
opposite polarity moving parallel to the neutral line but in opposite directions. The shearing 
tends to be most rapid just as the flux first emerges at the photosphere, and persists for 
several hours, in a state of steady decline. In this thesis we will develop what may be the 
first convincing theory to explain the increased magnetic shear that occurs as magnetic flux 
emerges at the solar surface. 
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Found running along photospheric magnetic neutral lines, there often exists arcade like 
structures known as helmet-streamers. Seen in the corona by Thomson scattered white 
·light, helmet-streamers are found to be composed of a high density dome that surrounds 
an underlying low-density cavity and a filament at the base. This three-part structure may 
be stable for weeks, but eventually swells to a height exceeding a solar radius and and 
suffers a disruption that is observed as a coronal mass ejection (CME) (Hundhausen 1998; 
Howard 1999). CME's occur as often as twice a day during which 1015- 16 g of plasma the 
comprised the helmet-streamer is hurled into interplanetary space with velocities ranging 
from 10 to 103 km/s. The kinetic· energy associated with these events is typically 1031- 32 
erg which is comparable with a large flare and makes the CME one of the most energetic 
events in the solar corona. A buildup of magnetic shear in the arcade of the helmet-streamer 
often proceeds CME's and may be an essential source of free magnetic energy necessary for 
these events. To explore this possibility, we devote a chapter of this thesis to studying the 
disruption of magnetic arcades that occur entirely as the result of magnetohydrodynamic 
(MHD) instabilities . 
In this thesis, we apply a unique combination of analytical studies and numerical sim-
ulations to developing a sound theoretical understanding of some of the the basic MHD 
processes involved in magnetic flux emergence and instabilities of sheared magnetic arcades. 
The subjects of interest that are addressed in this thesis are: magnetic buoyancy and the 
transport of magnetic shear by nonlinear Alfven waves. In particular, we will study the way 
in which magnetic fields evolve to highly sheared configurations during magnetic flux emer-
gence. We also show how self-induced shearing is an important process in the disruption of 
arcades of inverted magnetic U-loops. 
1.1 Outline of the Thesis 
We begin in Chapter 2 with the derivation of three families of two-dimensional isothermal 
magnetostatic atmospheres that will be the topics of analytical study and also be used 
as initial states in our time-dependent numerical simulations. These families of equilibria 
possess three distinct field geometries. In the first case, the magnetic field is confined to the 
plane of variation and exists as a horizontal magnetic layer with undulating lines that lies 
below a periodic system of 0-loops. The second family of equilibria also possesses a layer of 
undulating field lines, but in this case, the field is sheared by a field component out of the 
plane of variation. Above this layer the magnetic field takes the form of a periodic system 
of U-loops. The third family of solutions describe periodic systems of magnetic arcades of 
sheared inverted U-loops. We also present stability criteria for all three families of equilibria. 
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In Chapter 3, we present an analysis of the two families of solutions presented in Chapter 
2 that possess magnetic layers of undulating horizontal field lines. Here we demonstrate 
that two continuous sequences of equilibria, one belonging to each of the two families, may 
be generated from the same planar magnetostatic atmosphere by prescribed ideal MHD 
plasma displacements. In this way, we show that a magnetized atmosphere may attain an 
infinite number of equilibrium states while preserving the invariants of ideal MHD. This is an 
interesting new result in basic MHD. These sequences of equilibria prove to be very useful as 
analytical models for the quasi-static evolution of the planar state to two-dimensional states 
possessing undulating magnetic field lines. In one case of interest, the plane of variation of 
the two-dimensional state lies at a 45 degree angle to the field lines of the planar state. As 
a result, a mixed mode of undulating, interchange and shearing displacements is needed to . 
transform the planar state to the more complex two-dimensional equilibria. We also find 
that the pattern of shearing increases with height along the undulating magnetic field lines. 
Motivated by the analytical demonstration of the creation of sheared static states from 
simple planar states, we set out in Chapter 4 to see if in actual time-dependent MHD, mag-
netic buoyancy will drive an unstable initial state to a more sheared configuration. To carry 
out this investigation, we perform two-dimensional, time-dependent, MHD simulations of 
buoyancy instabilities for which we use as initial states, members of the family of equilibria 
possessing a sheared magnetic layer. For the chosen equilibrium state, The magnetic field 
partially supports the weight of the atmosphere in an unstable configuration that· sets the 
stage for the demonstration of magnetic flux emergence in a stratified atmosphere. When 
the system is perturbed, magnetic loops buoyantly rise from the flux layer and sponta-
neously shear as a result of the nonlinear interplay of undular and interchange modes. These 
modes distort the magnetic field in such a way that a component of the Lorentz force in 
the direction of invariance. Because of the two-dimensional nature of the simulation, nei-
ther pressure gradients nor gravitational forces can restore force balance in the invariant 
direction. Consequently, large-amplitude shear Alfven waves are driven by the tension force 
to transport magnetic flux from the shear layer into the ascending magnetic loops, causing 
them to become greatly inflated. These simulations reveal for the first time that nonlinear 
Alfven waves may play an important and dramatic role in the buoyant rise of magnetic flux. 
Such shear Alfven waves in ascending magnetic loops explain the impulsive shearing motions 
observed at the photosphere in newly emerged bipolar active regions. This demonstration of 
magnetic-field driven the shearing motion challenges the long held belief that the magnetic 
field is passively brought to a sheared state by photospheric flows. 
Following the success of the simulations in Chapter 5, we conduct a pair of simulations of 
the nonlinear disruption of magnetic arcades in which self-induced shearing plays a significant 
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role. For these simulations, we use the analytical solutions described in Chapter 2. The time 
development of the instabilities for the sheared arcades is fundamentally different than that 
exhibited by the magnetic layers. In this case, the instability initially grows very slowly as 
the arcade gently rises and expands. Eventually, the arcade looses equilibrium and violently 
erupts, ejecting a flux rope in the process. Comparisons are then made between these 
simulations and observations of plasmoid ejections and coronal mass ejections. 
In Chapter 6, we discuss our conclusions and indicate the future direction of our research. 
In particular, we discuss the possibility of extending our two-dimensional simulations to 
three-dimensions. We also discuss investigating the possibility of singularity formation in 
the electric current density that may occur in the limit of infinite electrical conductivity. 
It is thought this may be prone to occur when magnetic arcades rise and neck off. In the 
presence of numerically induced resistivity, the field lines that neck off reconnect to form a 
flux rope that is ejected from the arcade. 
4 
Chapter 2 
Equilibrium and Stability of 
Magnetostatic Atmospheres 
2.1 Introduction 
In this chapter, we examine the equilibrium and stability properties of isothermal magneto-
static atmospheres. The motivation for this work comes from a desire to generate, in closed 
forms, equilibrium states which can be used as initial conditions in time-dependent, MHD 
numerical simulations. The results of such simulations, dealing with the nonlinear behaviors 
of magnetized atmospheres associated with magnetic buoyancy are detailed in Chapters 4 
and 5. There are few known analytical solutions for magnetostatic equilibria. The solutions 
we report here are physically interesting in their own rights, quite apart from their usefulness 
to time-dependent MHD studies. In this thesis, we show how large families of such solutions 
may be generated, describe their physical properties as they are relevant to a variety of 
astrophysical considerations, and treat some aspects of their stability in response to linear 
perturbations in the ideal MHD limit. 
The simplest magnetostatic equilibrium is the balance between the gas pressure gradient 
and the Lorentz force due to a magnetic field with parallel straight lines of force, in the 
presence of no other forces. Magnetic tension force does not feature in the force-balance 
equation in this simple situation; it merely requires that the total pressure be uniform in 
space: 
B2 
p+ 811" =Po, (2.1) 
where p is the gas pressure, B the magnetic intensity, and P0 the uniform total pressure. 
Take the magnetic field B in the z direction, varying with y but not with x, in Cartesian 
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coordinates. The equilibrium pressure p must then vary with y by equation (2.1). This 
trivial equilibrium state has the property of allowing the field strength B(y) and p(y) to 
be prescribed at will, subject to equation (2.1), while the lines of force remain in the same 
geometry. This property does not exist for curved magnetic lines because of the complication 
of the tension force associated with magnetic curvature, except for specialized sets of field 
geometries. 
One of these specialized sets is a family of magnetostatic solutions found by Dungey 
(1953) for an isothermal atmosphere in uniform gravity in the Cartesian plane. A relation 
analogous to equation (2.1) relates the pressure and magnetic intensity distributed across 
the fixed field line geometry to give solutions to the equation balancing the Lorentz force 
against pressure gradient and gravity: 
4~ (\7 x B) x B - \7p- pgz = 0, (2.2) 
where p is the density and g is the uniform gravitational acceleration taken in the -z 
direction. Solutions of this kind are of theoretical interest, particularly in the study of 
stability. One can fix the influence of magnetic geometry and examine the dependence of 
stability properties on the profiles of plasma pressure and magnetic intensity. 
In section 2.2, we present two families of equilibrium solutions of the same type as, but 
distinct from, the solutions of Dungey. In contrast to the Dungey solutions, one of the two 
families can be generalized to allow for variations in all three spatial dimensions, exploiting a 
method of construction taken from Low (1982); this is shown in section 2.3. In section 2.4, we 
discuss the stability of the two-dimensional (2D) equilibrium states of section 2.2, employing 
the sufficient conditions of Hu (1987, 1988). We conclude in section 2.5 with a discussion 
relating our work to some general concerns of astrophysical and solar magnetic fields. 
2.2 Two-Dimensional Isothermal Atmospheres 
For an atmosphere depending on only the two coordinates y and z, the magnetic field can 
be written as 
B = (nx, ~,- ~~) (2.3) 
in terms of two scalar functions A and Bx so that Maxwell's equation 
\7·B=O (2.4) 
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is satisfied automatically. This magnetic field is produced by the current density J 
( c/ 47r) \! x B, with c being the speed of light and 
(2.5) 
As is well known, in this 2D system, the streamfunction A is constant along a line of force 
and force-balance in the x-direction requires Bx to be a strict function of A. We introduce 
the isothermal condition through the ideal gas law: 
k 
p = -pTo (2.6) 
m 
where m, k, and T0 are, respectively, the mean molecular mass, the Boltzmann constant, 
and the uniform temperature. Force-balance in the y - z plane requires that the pressure 
has the hydrostatic form 
(2.7) 
where P is a function of one variable and H = kT0 /mg is the constant hydrostatic scale 
height. For convenience of notation, we measure distance in units of H so that equation 
(2. 7) can be re-written as 
p = P(A) exp(-z), (2.8) 
whereupon the component of the vector equation (2.2) that is in the plane of variation and 
perpendicular to the field lines takes the form: 
2 dBx dP ( ) \! A+Bx dA +47r dA exp -z = 0. (2.9) 
If the profiles Bx(A) and P(A) are known, equation (2.9) is a partial differential equation to 
determine A, fro:II?- which the magnetic field, pressure and density as functions of space can 
be obtained from equations (2.3), (2.6), and (2.8). 
With no loss of generality, A can be redefined to be a strict function of a single variable 
<P which carries the variations with y and z, so that equation (2.3) takes the form 
(2.10) 
The replacement of A by <P provides the convenience of keeping the geometry of the magnetic 
lines of force fixed by a given form of ¢, while varying the magnetic shear and magnetic 
intensity through the functional dependence of Bx and A on ¢. A corresponding variation in 
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pressure across the lines of force can be adjusted through its profile P treated as a function 
of </>. 
2.2.1 The Dungey solutions 
Dungey's isothermal solutions are generated by setting Bx = 0, so that the magnetic field 
lies in the y - z plane, and 
</> = exp ( - z) - 2 exp ( - ~) cos ( ~) + 1 . (2.11) 
Expressed as functions of </>, any choice of A(</>) such that 
1 [ ( dA) 
2 
( dA) 
2 l P( </>) = Po - 8n </> d</> + f d</> d</> ' (2.12) 
with Po being an integration constant, generates a solution to the force-balance equation 
(2.2). The magnetic field, pressure and density are then given in terms of A, P, and </> by 
equations (2.6), (2.8) and (2.10), with Bx= 0. 
Figure 2.1 is a sketch of the periodic magnetic field lines generated for the illustrative 
example A(</>) = exp(-2</>). Contours of constant A are plotted as thick curves, with the 
separatrix line labeled </> = 1. Contours of constant density are plotted as thin curves. 
The region shaded grey in Figure 2.1 indicates where certain stability conditions fail to be 
satisfied, a point we will take up in section 2.4. 
A useful point to note is that </> is defined for the infinite y - z plane. The linear combi-
nation of the 2 spatially dependent terms in the definition of</> in equation (2.11) can have 
arbitrary constant coefficients for the two terms but nothing new is gained because a change 
of the origin, using the properties of the exponential and trigonometric functions, would 
bring</> to the form given by equation (2.11). Notwithstanding the fact that</> is defined for 
all space, the presence of magnetic field may be made quite localized in a particular solution 
by choosing dA/d</> = 0 outside a region bounded by a pair of lines of force. Moreover, the 
transition from the field region to the field-free region may be chosen to be either contin-
uous or discontinuous. We will see some explicit examples with the new solutions derived 
below. The interested reader is referred to Dungey (1953) for the properties of his family of 
solutions. 
2.2.2 Sheared magnetic fields 
Solutions describing sheared magnetic fields with Bx # 0 of the Dungey type can be generated 
by setting 
8 
12 
10 
8 
6 
N 
4 
2 
0 
-2 
-6 -4 -2 0 2 4 6 
y 
Figure 2.1: Contours of constant </>, in thick lines, defined by equation (2.11) and showing 
the separatrix line </> = 1. The shaded region around the magnetic 0-point and the thin lines 
of constant density associated with a chosen magnetic intensity profile are described in the 
text. 
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¢ = exp(-z) + cos(y), (2.13) 
where we remind the reader that distance is measured in units of the scale height H. Ex-
pressing A as a function of¢ in equation (2.9), we obtain 
( 
2 d2A dA dBx ( d2A dA dP) 1 - ¢ ) d¢2 - ¢ d</J +Bx dA + 2¢ d¢2 + 2 d</J + 4n dA exp(-z) = 0. (2.14) 
Since ¢ and z are independent variables, it follows that we have the two ordinary differential 
equations: . 
( 2
) dA d2A (dA) 2 dBx 
1 - ¢ d</J d¢2 - ¢ d¢ +Bx d</J = 0, (2.15) 
dA d2A (dA) 2 dP 
2¢ d¢ d¢2 + 2 d¢ + 47r d</J = 0, (2.16) 
with the respective complete integrals: 
(2.17) 
1 [ (dA) 2 (dA) 2 l p + 4n ¢ d</J + J d</J d</J =Po, (2.18) 
where A and P0 are constants of integration. 
For the streamfunction fixed by equation (2.13), the profiles A, Bx, and P as functions 
of¢ determine the static solution to equation (2.2). One of these profiles may be arbitrarily 
prescribed, and equations (2.17) and (2.18) relate the other two to the prescribed profile. 
The Dungey solutions all share the same set of magnetic lines of force lying in the y-z plane 
fixed by the assumed form of ¢. That is, the assumed form of ¢ determines a set of magnetic 
flux surfaces defined by the condition ¢ = constant that are common to all the solutions. 
For the given flux surfaces, the lines of force vary from solution to solution with different 
profiles of the function Bx ( ¢). 
Figure 2.2 is a sketch of the magnetic field lines, seen projected on they - z plane, given 
by contours of constant ¢. The field pattern is one of vertical lines of force as z -t oo, 
transitioning at finite z to one of wavy horizontally directed lines of force, and, as z -t -oo 
approaching the limiting configuration of straight horizontal lines. It is useful to note that 
the range of values of¢ is from-1 to oo, as is evident from inspection of equation (2.13). The 
10 
lines ¢> = 0, ¢> = 1, and ¢> = 3 are representative of the different types of field-line topology, 
the line ¢> = 1 being the separatrix between the wavy horizontal lines ( ¢> > 1) and those lines 
( -1 < ¢> < 1) that originate from and return to z --+ oo. 
The projected lines of force generated by¢> cover the entire y-z plane. In the construction 
of a particular solution, these lines can be taken to be natural magnetic boundaries to exclude 
magnetic fields from parts of the infinite domain. For example, picking a flux surface¢>= ¢0 , 
a constant, we may choose a profile of A such that dA/ de/> and Bx go smoothly to zero on 
this flux surface approaching from ¢> > ¢0 , say; and remain zero in the entire region ¢> < ¢0 . 
Such a solution describes a magnetized atmosphere separated at ¢> = ¢0 from a field-free 
isothermal atmosphere in ¢> < ¢0• Alternatively, we may choose to have a discontinuous 
transition by letting the field and plasma pressure both be discontinuous but preserving 
equilibrium with a continuous total pressure across the boundary ¢> = ¢0 . From equations 
(2.10), (2.17) and (2.18), the total pressure may be written as 
p+- = P0 - - - de/> exp(-z) +-. B2 [ 1 I (dA) 2 ] ,\ 87r 47r de/> 87r (2.19) 
This equation shows that along any line of force the total pressure is an isothermal, exponen-
tial, hydrostatic pressure, plus a uniform pressure, the latter proportional to the integration 
constant ,\. Thus, if ,\ = 0 the magnetized atmosphere in ¢> > ¢0 may be matched in 
equilibrium with a field-free isothermal atmosphere in ¢> < ¢0 . 
It is not always possible to demand that ,\ = 0. Take, for example, the solution in the 
region -1 < ¢> < 1 in Figure 2.2. Clearly, in this region ,\ must be positive and large enough 
to ensure that the x component of the field Bx, given by equation (2.17), is not imaginary. 
With ,\ '/= 0, it is not possible to match such a solution at some flux surface ¢> = ¢0 < 1 
with an external field-free isothermal atmosphere. The term in ,\ in the total pressure in 
equation (2.19) shows that solution in the regime -1 < ¢> < 1 can be matched across a 
flux surface ¢> = ¢0 only to an isothermal atmosphere containing a uniform magnetic field 
of strength ,/).. pointing in the x direction, in order to ensure the continuity of the total 
pressure at ¢> = ¢0• The presence of the uniform magnetic field in the atmosphere external 
to the magnetic region ¢> < ¢0 is essential for confining the magnetic field inside ¢> < ¢0 in 
the far reaches as z --+ oo, where the hydrostatic pressure is negligible. 
This class of solutions, which will be relevant in our discussion of stability in section (2.4), 
can be generalized to solutions of considerable complexity. Take the external atmosphere 
to be fixed with a ,/).. uniform magnetic field, and isothermal pressure of amplitude P0 in 
equation (2.19). Into this atmosphere, pieces of the -1 < ¢> < 1 solution bounded by a flux 
surface¢>= ¢0 < 1 can be inserted with the parameter ¢0 , and amplitudes of A'(c/>) and Bx, 
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Figure 2.2: Contours of constant </J, defined by equation (2.13) showing selected field lines for 
the shear solution projected on the y- z plane. Above the separatrix, <Ps = 1.0, the magnetic 
field forms a periodic system of discrete U-loops, and below the field exists as undulating 
lines becoming straighter with increasing depth. 
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and P chosen at will, subject to continuity of the total pressure across each </> = <Po boundary 
into the exterior atmosphere. This needs to be done without any spatial overlapping of the 
inserted solutions. 
2.2.3 Magnetic intrusions extending from below 
There is a family of Dungey-type solutions which generates magnetic intrusions not extending 
from high above, but, rather, extending from great depths below to a finite height in the 
uniformly magnetized atmosphere. Consider the streamfunction with some constant q: 
</>=exp(-~) cos(qy) , 
for which equation (2.9) yields the two complete integrals: 
B2 (~ _ 2) ,1,.2 (dA) 2 = _x 
x + 4 q '!-' d</J ' 
q
2 (dA)
2 
p + 8rr d</J = Po' 
(2.20) 
(2.21) 
(2.22) 
where .X and Po are integration constants. Direct evaluation from equations (2.8), (2.10), 
(2.21), and (2.22) gives 
B 2 .X p+- = P0 exp(-z) +-. 8rr 8rr (2.23) 
As in the case of the family of solutions derived in the previous subsection, this family of 
solutions may be matched across a chosen magnetic surface of constant </> to either a field-
free isothermal atmosphere, appropriate when .X = 0, or an isothermal atmosphere with a 
uniform magnetic field in the x direction and intensity vf>... 
Figure 2.3 shows an example of a solution matched to a field-free isothermal atmosphere 
above a chosen magnetic surface of constant </> = <Po = 1.0. The thick lines shown are 
magnetic field lines projected on the y - z plane, bounded by </> = 1.0 as indicated. For 
this example, we set q = ~' A(</>) = [(¢0/2¢2) 2 - (1/2¢2)] in </> 2: ¢0 , and dA/d<f> = 0 
in </> < ¢0 • Thus, the magnetic region </> > <Po is continued with B vanishing smoothly, 
without incurring a current sheet, at the magnetic boundary, to a field-free atmosphere in 
<P < ¢0 • The isothermal plasma in this case has the contours of constant density shown as 
thin curves in Figure 2.3. This solution is appropriately described as a vertical, sheath-like, 
magnetic intrusion of infinite extension in the x direction and finite horizontal extent in the 
y direction, inserted into the otherwise field-free atmosphere from below. The periodicity of 
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Figure 2.3: Contours of constant </>, in thick lines, defined by equation (2.20) and the thin 
lines of constant density associated with a chosen magnetic intensity profile described in the 
text. 
the streamfunction <P in y has thus disappeared from the solution. In fact, parallel vertical 
sheaths, of different values of q, and truncated at various flux surfaces for the respective 
sheaths may be placed in the field-free atmosphere so long the sheaths do not overlap. 
This family of solutions includes the force-free field with a constant a = a 0 satisfying 
V' x B = a0B (2.24) 
with 
B = [a0 cos(qy),-~cos(qy),qsin(qy)] exp (-~z) , (2.25) 
and a5 = q2 - ~· In this familiar solution, A = ¢>, ,\ = 0, and the pressure function P is 
independent of ¢>. Given ,\ = 0, we could erase the magnetic fields outside of a region c/>1 < 
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<P < </J2, for prescribed constant bounds ¢J1 and ¢J2, such that the magnetic flux surfaces <P = <jJ1 
and <P = </J2 contain sheet currents in equilibrium with an isothermal external atmosphere in 
<P < </J1 and <P > </J2, with its pressure given by the right hand side of equation (2.23). The 
example of </J2 = oo was treated by Priest (1988), so that the force-free field has only the 
upper boundary. 
For completeness, another special case should be mentioned. A simple half-period trans-
lation in qy would transform the streamfunction <P to 
(2.26) 
with no loss of generality. In the limit of q ---+ 0 with a suitable renormalization gives the 
limiting form' 
<P = y2 exp(-z), (2.27) 
which describes a global set of nonperiodic lines of force that is shown in Figure 2.4. 
2.3 Extension of the Intrusion Solutions to Three Di-
. 
mens1ons 
In equation (2.1) describing the equilibrium between the plasma pressure and the magnetic 
pressure, let us start by again taking the straight magnetic lines of force to point in the z 
direction. The plasma and magnetic pressures may vary in both x and y in quite arbitrary 
manner so long as equation (2.1) is satisfied for force balance. This simple generalization 
from variation in y alone to variation in both x and y can be carried out analogously for the 
intrusion solutions. 
We rewrite equation (2.2) in terms of magnetic tension and pressure forces as 
- (B · V') B - \i' p + - - pgz = 0, 1 ( B2) 
4n 8n (2.28) 
Now, recall from Low (1984a) a method of generating solutions to equation (2.28) without 
assuming any ignorable coordinates. First, solve in three-dimensional (3D) space 
(B · V') Bx = 0, (2.29) 
(B · V') By= 0, (2.30) 
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Figure 2.4: Field lines that form of a magnetic valley are displayed as contours of constant 
¢>, defined by equation (2.27). 
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together with equation (2.4) which form a complete set of equations to determine the 3 
components of B. For such a magnetic field, define the equilibrium pressure to be one for 
which the total pressure F = p + B 2 /87r varies only with height z. The x and y components 
of equation (2.28) are then satisfied, while the z component defines the distribution of the 
equilibrium density: 
(2.31) 1 dF - (B · \7) Bz - - - pg = 0. 
47r dz 
This construction completely determines p and p in terms of each solution B of equations 
(2.4), (2.29), (2.30) and an arbitrarily prescribed total pressure F(z), with no possibility of 
imposing the equation of state as an independent condition. 
We have found that the intrusion solutions can be generalized to members of these solu-
tions of Low (1984a) with fully three dimensional variations, while still retaining two basic 
features, namely, the isothermal condition and the facility of arbitrarily prescribing field-
intensity profiles on fixed magnetic flux surfaces. 
The property underlying equations (2.29) and (2.30) is that Bx and By do not vary along 
a line of force. In other words, the lines of force projected onto the x - y plane take the form 
of straight lines. The intrusion solutions possess this property. Equations (2.10), (2.20), and 
(2.21) show that the projection of a line of force onto the x - y plane is described by 
dx 
dy 
J ,\ + ( q2 - 1) <f>2 ( ~) 2 
,1,.dA 
'f' d</J 
(2.32) 
Since </> is constant on a line of force, it follows that every line of force projects onto straight 
lines on the x - y plane with constant gradients as given by equation (2.32). 
Let us restrict our attention to the case where ,\ = 0, which limits q to be larger than 
unity so that Bx is real. Then equation (2.32) has the integral 
() = x + J q2 - 1 y' (2.33) 
where () is a constant of integration. This solution generates a family of vertical planes of 
constant (). This family of planes intersects the family of surfaces of constant </> exactly along 
the lines of force of the magnetic field. For ,\ = 0, () and </> are a pair of Euler potentials in 
terms of which the magnetic field has the representation (Stern 1976): 
dA 
B = - d</> \70 x \i'<f>. (2.34) 
The representation lends itself to the generalization in which A varies as a function of both 
</> and 0: 
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(2.35) 
The field remains divergence-free, and the lines of force are unchanged. What has changed 
is that the profiles of field intensity on different planes of constant () are now allowed to be 
freely prescribed, and in this manner variation with x through () is introduced. 
With the lines of force lying in vertical planes of constant" (), the tension force has no 
components in the x and y (horizontal) directions, so that equations (2.4), (2.29) and (2.30) 
are satisfied. It is easy to verify that if the pressure is defined by equations (2.8) and (2.22), 
replacing dA/d¢ by 8A/8¢, equation (2.23) for the total pressure remains valid, so that the 
function F(z) is thus defi.ned: 
B2 
F(z) = p + 871" = P0 exp(-z). (2.36) 
Finally, by direct evaluation for the density p using equation (2.31), it is tedious but straight-
forward to show that the density obtained is the same as that given in terms of the pressure 
under the isothermal condition (taking note of measuring lengths in units of the isothermal 
scale height to avoid inconsistency in notations). 
The following is the basic physical feature of these equilibrium states. Despite the plasma 
and magnetic-field variations across the () planes, the plasma and magnetic pressures mu-
tually compensate to produce a total pressure, which has no gradient across the planes. 
The magnetic tension is strictly vertical, and acts with the vertical component of the total 
pressure to support the atmospheric weight. 
A particular sub-set of these three dimensional solu~ions was reported in Low (1982) with 
q = !, so that the () surfaces coincide with the x planes. In that work, a 3D model of an 
inverted-U plasma loop of finite loop thickness was constructed by embedding the plasma in 
a bundle of magnetic flux trapped within the loop; see the graphical representation of the 
explicit solution in Low (1982). The construction is accomplished by a suitable choice of A 
as a function of both¢ and(), which maps out the surface of the plasma loop as a volumetric 
object in 3D space. This is an example of the ubiquitous inverted-U plasma loops commonly 
observed in the low corona (e.g., Vaiana and Rosner 1978, Tsuneta 1996a, b, Bray et al. 
1991). The particular solution in Low (1982) was shown to be marginally stable to linear 
perturbations under isothermal condition and rigid anchoring of the magnetic field at the 
base of the atmosphere. The stability is due in part to the fact that when q = !, the field in 
the interior of the plasma loop is a potential field. The development in this section extends 
the loop-solutions in three dimensional geometry to cases with q > !, for which the field 
in the loop interior is no longer a potential field but is sheared with a field-aligned current 
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density. 
2.4 Ideal MHD Stability of the Two-Dimensional Equi-
libria 
The equilibrium solutions derived in section 2.2 present the opportunity of discussing linear 
MHD stability in terms of explicit examples. These solutions contain free profiles of field 
intensity to be prescribed on a fixed set of flux surfaces. The question then arises naturally as 
to which of the free profiles would assure stability. Linear stability problems are formidable 
and tedious and we will not attempt at an exhaustive answer to this question. Instead, we 
will provide a first look at the stability properties of these equilibrium solutions by applying 
to them the sufficient conditions of Hu (1987, 1988). We will simply quote results without 
giving their mathematical derivations which are tedious but otherwise standard calculations. 
Among the results to be presented is the identification of a subset of stable equilibrium states. 
This result is significant since most known equilibrium states are linearly unstable. 
Let us consider the Energy Principle of Bernstein et al. (1958) for ideal MHD. The change 
in the potential energy of the system produced by some small static plasma displacement e 
is given by .6..E = W1 + W2 , where: 
_]:_ f dVo{IY' x (ex B)l2 + V' x B · [C x V' x (ex B)] 87r lvo 
+ 47r [('YpV'. e + e · V'p)V' · c - c · vwv · (p<$)J} , 
(2.37) 
(2.38) 
In these integrals, V0 is the volume of the plasma; S0 is any surface of magnetic tangential 
discontinuity across which, for equilibrium, the total pressure is continuous; r is the adiabatic 
or polytropic index of the ideal gas; '11 = -gz is the gravitational potential for uniform 
gravity; en is the component of e in the direction of the unit normal n on surface S0 ; and, C 
denotes the complex conjugate of e. The symbol o in equation (2.38) denotes the jump of a 
quantity across the surface S0 in the direction of the unit normal n. It should be noted that 
for an equilibrium surface S0 , the total pressure is necessarily continuous across it but not 
its gradient, and that the jump of the component of that gradient in the direction of n is 
independent of whether n chosen to be directed one way or the opposite way. The Bernstein 
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integral !:l.E embodies the first order perturbation, time-dependent equations of ideal MHD. 
Its usefulness lies in the theorem that states that an equilibrium is stable if and only if 
!:l.E is positive definite for all linear static perturbations ~ satisfying the proper boundary 
conditions of the problem. 
Magnetic flux surfaces provide a convenient coordinate to treat the above stability prob-
lem. For the 2D equilibrium states treated in section 3.2, let us introduce the orthogonal 
coordinate system (¢, 'lj;, x). Here </J(y, z) is the magnetic flux coordinate, 'lj;(y, z) is con-
structed such that ( ¢, 'lj;) form an orthogonal curvilinear coordinate system in the y - z 
plane, and x is the ignorable Cartesian coordinate. In this coordinate representation, a 
given 2D equilibrium is stable if the following conditions derived by Hu are satisfied: 
2J 8h1/J 1 8J (8'lj;) 
V = hl/JA' 8¢ - A' 8'lj; 8¢ w > O, 
( 8p) p2 u = 8'11 +- < 0. 
</> IP 
(2.39) 
(2.40) 
If there is a current sheet surface in the equilibrium, we also require the energy change due 
to the sheet W2 to be positive definite, in addition to these criteria. A few explanatory 
remarks are in order regarding the notation used: J = - \72 A is the x-component of the 
electric current density; see equation (2.5). The quantity hl/J is the Lame coefficient for the 
curvilinear coordinate 'lj;. A' indicates a differentiation with respect to flux coordinate </J. 
The partial derivatives are defined with (¢, 'lj;, x) as the independent variables except where 
a subscript indicates differentiation holding the gravitational potential '11 = -gz fixed. 
Condition (2.40) is the classical Schwarzschild criterion applied to each line of force of 
constant ¢. We will concentrate on the presence of electric current through the term in J in 
condition (2.39). To that end we assume 'Y > 1 in the rest of our analysis. 
Take Dungey's class of solutions which are generated by equations (2.11) and (2.12). 
From the given form of ¢, we obtain 
2 [cos(~) - exp(~)] 
'lj; = . (1l) . sm 2 
(2.41) 
The orthogonal system of <P - 'lj; coordinates is shown in Figure 2.5. Calculation of V then 
gives the sufficient condition for stability: · 
1 d ( ') 
<PA' d</J <PA < 0. (2.42) 
A straightforward analysis, which we do not repeat here, shows that profiles of A ( <P) exist 
such that condition (2.42) is satisfied everywhere except at the 0-type magnetic neutral point 
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Figure 2.5: Contours of constant¢ and'¢, defined in equations (2.11) and (2.41) respectively, 
form the orthogonal system of coordinates used in the Hu stability analysis. 
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in Figure 2.1. The unavoidable failure of condition (2.42) is due to the classical exchange 
instability of the magnetic confinement of plasma located at the 0-point, a property noted 
in Dungey (1953). 
This family of equilibrium solutions allows for excluding any part of the field by inserting 
field-free atmospheres. This freedom can be exploited to exclude the 0-point magnetic 
structure in Figure 2.1 by taking a line <P = <Po to be a magnetic flux surface such that 
the region <P < ¢0 , containing the 0-point structure, is replaced with an isothermal field-
free atmosphere. However, the removal of the unstable 0-point magnetic structure by such a 
construction introduces instability of a different kind, namely, the Rayleigh-Taylor instability 
of the heavier fluid supported along <P = <Po from below by the magnetic field. This point 
is best seen if we take the field to jump discontinuously to zero as we cross <P = <Po into the 
field-free region. Direct computation gives 
(2.43) 
evaluated on the side where the magnetic field is not zero for the energy change due to 
deformation of the current sheet <P = ¢0 . This negative definite energy change indicates 
the local Rayleigh-Taylor instability. The stability may be purely local in the sense that 
there remains the possibility of a profile A( <P) for the region <P > <Po which renders the global 
system stable; note that global stability requires W = W1 + W2 to be positive definite. The 
demonstration of such a possibility lies outside the scope of this chapter. 
For the family of equilibrium states with sheared magnetic fields, we have 
'I/;= exp(z) - log [tan(~)] . (2.44) 
Calculation of V then gives: 
1 d [ 2(A' 2] 2 [1 + <P exp(-z) - ¢2] 
¢2(A')2 d<P <P ) < <P [1+2¢exp(-z) - ¢2]2 · 
(2.45) 
The stability properties in the regimes 1 < <P < oo and -1 < <P < 1 are distinct, and care 
must be taken to treat the two regimes separately. For 1 < <P < oo, it can be shown that 
condition (2.45) is satisfied if 
1 d ( 2( ')2) 2 
¢2(A')2 d<P <P A < - <P(<P- 1)3 ' (2.46) 
where the right hand side is the (negative) lower bound of the right hand side of inequality 
(2.45) obtaining only in this range of of¢. For 0 < <P < 1, it can be shown that inequality 
(2.45) is satisfied if we set 
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1 d [ 2 ')2] 2(1 - ¢) 
¢2(A')2 d</J </J (A < ¢(¢ + 1)3 ' (2.47) 
where the right hand side is the (positive) lower bound of the right hand side of inequality 
(2.45) applying only in this range of¢. 
A number of conclusions can be drawn from the above mathematical results. First, 
inequality (2.46) implies that a profile A' ( ¢) which satisfies the sufficiency condition in 1 < 
<P < oo must be unbounded on <P = 1. Thus there is no way of taking a globally stable 
equilibrium, satisfying condition (2.46) across the critical line ¢ = 1 from· below in Figure 
2.2 without taking the field intensity infinite on that critical line. Excluding the structure 
contained in ¢ :::; 1 introduces boundaries which are locally Rayleigh-Taylor unstable, such 
as we have encountered in the analysis of the Dungey solutions. 
On the other hand, regular solutions in ¢ < 1 can be constructed with profiles A(¢) 
satisfying the sufficient condition (2.47), except that the sufficient condition (2.45) for global 
stability cannot be satisfied if these solutions are continued across the boundary ¢ = 1 to 
regular solutions for the region ¢ > 1. We could, instead, match a solution for ¢ < ¢0 , 
with the constant ¢0 < 1, across <P =<Po to an isothermal atmosphere embedding a uniform 
magnetic field of intensity v'X pointing in the x direction; see equation (2.19). The sheared 
magnetic field in <P < <Po remains finite as it extends to large z, where plasma density and 
pressure vanish exponentially and B is asymptotically force-free. The uniform field in the 
x-direction in the exterior ¢ > ¢0 serves to confine this force-free field at the upper reaches 
of the global atmosphere. We may view this state to be the result of a magnetized plasma 
having risen to the far reaching top of an atmosphere while its lower part extends to a 
finite depth in the atmosphere. The global solution we have constructed describes such an 
equilibrium state and it is interesting that this is a stable equilibrium. 
The stability of the solution in¢< ¢0 follows from condition (2.47). The overall stability 
then depends on whether the boundary ¢ = ¢0 is stable. Take, for example, the case where 
the poloidal magnetic field (generated by the stream function A) jumps discontinuously to 
zero across this boundary into the exterior ¢ > ¢0 • Calculation gives 
1 (dA) 2 W2 = 47r d</J exp(-z) > 0 , (2.48) 
where this integrand is evaluated on the side of¢ < ¢0 . The positive definite W2 indicates 
the stable stratification of light magnetized plasma resting along ¢ = ¢0 on the denser field-
free atmosphere below. Moreover, the magnetic field in ¢ < <Po is concave into the denser 
fluid below and is sheared with dBx/ dA =/= 0. The former indicates curvature stability, and 
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the latter ind~cates a well known suppression of the exchange instability across </> = <Po by 
magnetic shear. 
It should be pointed out for completeness that in the limit of large z, both the Dungey 
solutions and the sheared-field solutions tend to plane-parallel states. The sufficiency con-
ditions (2.42) and (2.45) both reduce to the sufficiency conditions for plane-parallel atmo-
spheres obtained by Gilman (1970). 
We now consider the intrusion equilibrium state. From the stream function </> in equation 
(2.20) we obtain: 
and 
'I/;= 2qz - ! log [sin(qy)] , 
q 
(q2 _ l )q2 cos2(qy) 
v-- 4 
- 2 [q2sin2(qy) + icos2(qy)J2' 
(2.49) 
(2.50) 
which is independent of the profile A(</>). Moreover the sign of V is simply the sign of the 
factor t - q2, with stability assured for any profile of A(</>) if q2 < t. Included in this class 
of stable equilibrium states is the limiting case described by equation (2.27) obtained in the 
limit of q ~ 0. 
The stability of solutions with q2 < t is due to a favorable interplay among Rayleigh-
Taylor instability, favorable curvature force, and magnetic shear for all profiles of shear and 
pressure generated by any choice A(</>). In particular, any choice of A(</>) terminating the 
field in the y - z plane at some surface of constant </> = <Po where dA/ d</> goes to zero 
smoothly, would incur no tangential discontinuity, and would thus avoid a further issue of 
the stability of such a discontinuity. But, returning to examine equation (2.21), we see that 
q2 < t requires the integration constant A to be positive bound on the function </>2 (dA/d</>) 2 
so that n; is positive. This requirement restricts the amplitude of the admissible A(</>). It 
also implies, via equation (2.23), that if the poloidal field vanishes above a surface </> = </>0 , 
the region above must contain a uniform field in the x direction of intensity .J>... 
Finally, consider the magnetic valley equilibria, an example of which is pictured in Figure 
2.4. From the flux coordinate </> in equation (2.27) we obtain: 
1 
'I/;= 2y2 + 2z, (2.51) 
and 
2y2 
v = (4 + y2)2 ' (2.52) 
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which is positive definite and independent of A(¢>). Thus, all solutions of this variety are 
stable provided the Schwarzschild criterion is met. 
Before we leave this section,, we should remind ourselves that we have been dealing with 
sufficiency conditions for stability, the failure of which does not necessarily imply instability. 
For examples, the discrete inverted-U loop of Low (1982) and the force-free fields described 
by equation (2.25) do not satisfy V > 0, but are known to be stable, subject to rigid boundary 
conditions (Low 1988a, De Bruyne and Hood 1989). 
2.5 Summary and Discussion 
This chapter presents two families of magnetostatic equilibrium states of the type, first 
treated by Dungey (1953), for an atmosphere stratified by uniform gravity under the isother-
mal condition. These are 2D states, each family of solutions sharing a common common set 
of magnetic flux surfaces, but loaded with profiles of field intensity arbitrarily prescribed, 
in terms of which the shear and plasma on the lines of force are given by explicit equations 
that ensure force equilibrium. These equilibrium states have been employed as initial states 
in numerical studies of time-dependent MHD to be detailed in Chapters 4 and 5. 
One of the two families of solutions include subsets which can be extended to allow 
for variations in three dimensions by the methods used in Low (1982, 1984a). Numerical 
methods hold the prospect of studying magnetic structures in realistic geometry by direct 
modeling (e.g., Matsumoto et al. 1993, Cheng 1995) and comparison with observations of 
long-lived solar coronal magnetic structures (Vaiana and Rosner 1978, Priest 1981, Low 
1996) .. The three dimensional analytical solutions presented in this chapter may be useful 
for benchmark testing of the performance of numerical codes designed to construct three 
dimensional static equilibrium states. Our analytical solutions may also be useful as initial 
states in time-dependent MHD simulation of 3D atmospheres. Discrete magnetic structures, 
such as the inverted-U plasma loop, can be constructed, re-oriented, and juxtaposed in an 
otherwise field-free isothermal atmosphere to create a complex 3D equilibrium state. By 
the choice of the appropriate values of the parameter q, which controls the stability of the 
individual loops, disturbances can cause· instability to grow in some loops but not in others, 
eventually leading to loop interaction and evolution on a global scale (Bray et al. 1991, 
Tsuneta 1996b). The 3D equilibrium states presented here offer the opportunity of such 
a simulation which is relevant to the study of magnetic activity in the solar atmosphere 
(Smartt, Zhang and Smutko 1993). 
A fundamental property of an equilibrium state is its response to linear perturbations. 
Most magnetostatic atmospheres are expected to be unstable since in addition to the classical 
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MHD pressure and current-driven instabilities, the effect of magnetic buoyancy is generally 
not likely to be suppressed (e.g., Asseo et al. 1978, Freidberg 1982, Gilman 1970, Hood 
1983, Hood and Priest 1981, Hu 1987, 1988, Parker 1955, 1967, 1979, Mouschovias 1974, 
Rosner, Low and Holzer 1985, Zweibel 1981). We have provided a first glimpse of the 
stability properties of our equilibrium states by the application of the sufficiency criterion of 
Hu (1987, 1988) to the 2D equilibrium states. Two subsets of stable equilibrium states are 
identified, each displaying a stabilizing interplay among the influences of magnetic buoyancy, 
magnetic curvature force, and magnetic shear. Other examples of stable equilibrium states 
can be found in De Bryne and Hood (1989), Hundhausen and Low (1994), Low (1982, 1988a, 
b), Migliuolo (1982), and Zweibel (1982). 
Interest in stable magnetized atmospheres in simple analytical forms also arises in helio-
seismology. Magnetohydrodynamic waves propagating in a stratified atmosphere of the Sun 
may undergo mode conversion (Bogdan 1992). In theoretical study of wave propagation in 
a highly inhomogeneous magnetized atmosphere, the modeling of linear waves is meaningful 
only if the equilibrium atmosphere is stable. Otherwise, the instabilities with the rapid rise 
time of ideal MHD would overwhelm the linear waves. The stable solutions we have found 
provide an opportunity for this kind of work. 
Finally, we emphasize that analytical work cannot be expected to model realistic solar 
or astrophysical systems in detail or with physical completeness. Such work is useful as 
a direct demonstration of basic physical effects, and to provide idealized examples to give 
physical insights into realistic, but necessarily complex, situations. In particular, it should be 
pointed out that our discussion has under-emphasized the importance of the Schwarzschild 
criterion 'Y > 1 in order to concentrate on the effects of the magnetic field. In more complete 
treatments of linear stability, this criterion is known to moderate the effect of magnetic 
buoyancy (e.g., Parker 1967). 
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Chapter 3 
Atmospheres Possessing Identical 
Invariants of Ideal 
Magnetohydrodynamics 
3.1 Introduction 
A magnetostatic atmosphere in the presence of uniform gravity is described by a solution to 
the force balance equation given in section 3.2. Solutions of this equation are often motivated 
by astrophysical interest to model configurations of dense plasma supported by the magnetic 
field against the force of gravity. Examples of such equilibria are interstellar molecular clouds 
and quiescent prominences in the solar corona (Parker 1967; Mouschovias 1974; and Low and 
Hundhausen 1995). The variational formulation of Kruskal and Kulsrud (1958) for a toroidal 
system has shown that a solution to the force balance equation is completely specified only 
when proper boundary conditions for the field, density, and pressure are prescribed along 
with invariants of ideal MHD that characterize the system. Furthermore, an equilibrium 
state is identified with an extremum of the potential energy of the system, subject to the 
boundary conditions and invariants. Linear stability of the equilibrium state is then assured 
by a positive-definite value for the second variation of the potential energy. 
The isothermal magnetostatic atmospheres we will be treating here are characterized by 
two ideal MHD invariants. The first invariant is the mass as a function of the magnetic flux, 
M(A) where the magnetic field is given by B = V' x A. This invariant demands that the 
same amount of magnetic flux always remains attached to a given plasma element, the flux 
freezing condition. The second invariant characterizes the topology of the magnetic field. 
For the 2D Cartesian system we are treating, A may be chosen to account only for the 
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magnetic field lying in the plane of variation, while the third field component that points in 
the direction of the ignorable coordinate is independently specified. Then the flux associated 
with the third field component, denoted as x, when written as a function of A, is an invariant 
of the motion. A conserved form of x(A) constrains the field topology in the following way. 
A field line identified by a particular value of A may be sheared by the field component 
in the third ignorable dimension. While the shape of the line may change, the invariance 
of x(A) implies that the total distance traversed by the line in the direction of the third 
component remains fixed. 
The invariants of the motion, M(A) and x(A), are expressions for the conservation 
of magnetic flux and mass that lead naturally to constraints on the equilibrium states a 
system may attain. The question of what form these equilibria may take is interesting in the 
following physical sense. In a turbulent nonlinear MHD plasma, we expect electric current 
sheets to form and dissipate so that the constraints of ideal MHD are not satisfied rigorously 
(Montgomery et al. 1978; Taylor1986; and Parker 1994). However, when energy is lost from 
the system, for example by MHD waves, then turbulence will eventually decay sufficiently so 
that the approach to an equilibrium state will proceed via ideal MHD. This is true provided 
the electrical conductivity of the system is high, as it is in most astrophysical environments. 
In this context, our physical motivation for finding equilibria subjected to prescribed 
MHD invariants is the illustration of both basic MHD principles, and in acquainting us 
with the dynamical behaviors of astrophysical atmospheres. Such equilibria provide us with 
examples of the changes in the plasma distribution and field geometry resulting from the 
reconfiguration of a magnetostatic atmosphere by ideal MHD displacements. The physical 
picture obtained from the analysis of the plasma displacements is likely be useful in the inter-
pretation of the nonlinear MHD time-dependent simulations of instabilities of magnetostatic 
atmospheres. 
The most fundamental way of posing the problem of determining magnetostatic states 
while preserving the invariants of ideal MHD is in the form of an initial value problem which 
takes a system from an unstable, planar static state to a structurally more complicated, 
stable, final state. Several numerical simulations have been performed to treat the MHD 
time evolution of systems from initial unstable planar states ( e.g. see Shibata et al. 1989a; 
Shibata et al. 1990; and Matsumoto et al. 1993). However, such interesting simulations 
are primarily concerned with the nonlinear dynamical evolution of instabilities, and are 
limited for several reasons in their ability to follow a system to a static end-state adhering 
strictly to ideal MHD. Diffusion caused by the truncation error of numerical schemes imposes 
a severe limit to ensuring that the constraints of ideal MHD are met. Such diffusion is 
particularly significant over the evolutionary, as opposed to dynamical times scales of the 
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system. An additional complication often arises in the course of evolution when the magnetic 
field expands so extensively that it interacts with the necessarily finite boundary of the 
computational domain (Fan et al. 1999). Consequently, determination of the equilibrium 
states available to a system subject to the constraints of ideal MHD requires an approach 
that is separate but complementary to time-dependent simulations. 
In astrophysical applications, Mouschovias (1974) was the first to apply a time-independent 
method to finding such initial-final state pairs which strictly preserve the invariants of ideal 
MHD. The 2D final states determined by Mouschovias possess periodic undulating field 
lines and were obtained from an initial planar state shown by Parker (1966) to be unstable. 
The treatment of Mouschovias is a formidable undertaking requiring a numerical relaxation 
method because the force-balance equation, subject to ideal MHD constraints, takes the 
form of a nonlinear integro-partial differential equation for the magnetic flux function. As 
far as we are aware, Tomisaka, Ikeuchi, and Nakamura (1988) is the only other work that 
demonstrates the existence of multiple equilibria subject to the constraints of ideal MHD by 
a numerical approach similar to that of Mouschovias. 
In this chapter, we introduce two analytical approaches to the time-independent problem 
of generating equilibrium states while preserving prescribed invariants of ideal MHD. In our 
treatments, rather than beginning with a planar atmosphere, we start with members of two 
families of 2D magnetostatic solutions given by Dungey (1953) and by Low & Manchester 
(2000); hereafter referred to as LM. Subsets of the solutions of Dungey and LM that we 
consider are similar to the equilibria found by Mouschovias in that they are 2D, periodic, 
isothermal states possessing horizontal undulating magnetic fields. A brief derivation and 
detailed description of these two families of solutions is made in section 3.2. In section 3.3, we 
formulate a general technique for constructing planar states from topologically equivalent 2D 
states by use of the constraints imposed by ideal MHD on magnetic flux and mass. We then 
apply this technique to equilibria provided by the solutions of Dungey and LM. The second 
method of constructing equilibria that conserve the invariants of ideal MHD is owed to the 
particular structure of the solutions of Dungey and LM which allows particular members of 
either family to be deformed continuously by ideal MHD displacements through a sequence 
of equilibria belonging to the same family of solutions. 
In section. 3.4, we discuss the form of the plasma displacements required to produce the 
2D equilibria from a planar state. An important consequence of the plasma displacements 
requir~d to deform the planar state to a 2D state is a change in potential energy of the system. 
The issue of finding the change in magnetic, gravitational, and thermal energy between the 
planar, Dungey and LM states will be addressed in section 3.5. Finally, we conclude in 
section 3.6 with a discussion of this work, and how it relates to shearing motions observed 
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in solar emerging flux systems, as well as to magnetic shear observed in prominences. 
3.2 Two-Dimensional Isothermal Atmospheres 
We consider isothermal atmospheres with uniform gravity in the Cartesian plane which 
satisfy the force balance equation 
4~ (V' x B) x B - V'p - pgz = O, (3.1) 
where p is the mass density, p is the plasma pressure, and g is the gravitational acceleration. 
For an atmosphere depending on only the two coordinates y and z, the magnetic field can 
be written as 
(3.2) 
in terms of the two scalar functions A and Bx, which automatically satisfies Maxwell's 
equation V' · B . 0. Dungey (1953) and Mouschovias (1974) produced equilibria with 
Bx = 0 for magnetic field lines in the y - z plane, whereas, the magnetostatic solutions 
introduced by LM possess sheared field lines with Bx =/= 0. With this distinction in mind, we 
refer to the solutions of LM simply as the shear solutions. 
Solutions to equation (3.1) for 2D atmospheres have the property that Bx is a strict 
function of A, while force balance along the field lines, subject to the isothermal condition, 
requires that the plasma pressure be of the form 
p = P(A) exp(-z) 
The above equation applies provided we assume the ideal gas law, 
k 
p= -pTo. 
m 
(3.3) 
(3.4) 
where m, k, and T0 are, respectively, the mean molecular mass, the Boltzmann constant, 
and the constant temperature. 
With no loss of generality, A may be redefined as a strict function of a single variable 
</J(y, z) for which equation (3.2) takes the form, 
[ 
dA 8¢ dA 8¢] 
B = Bx(</J), d</J 8z' - d</J 8y . (3.5) 
With this construction, contours of constant <P are field lines of B when Bx = 0, and when 
Bx =/= 0 the contours of <P are the field lines projected on the y - z plane. Defining A = A( <P) 
allows us to write Bx and Pas functions of </J. If the profiles for A(¢), Bx(<P) and P(<P) are 
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known, then the component of the vector equation (3.1) which is in the y - z plane, and 
perpendicular to the field lines, may be cast in the form of the following nonlinear partial 
differential equation to determine </J in terms of y and z: 
dB dP A"A'(\7</J) 2 +A'2\72</J+B _x +47!'-exp(-z) =0 
x d</J d</J 
(3.6) 
For t~e Dungey and shear solutions, however, the </J variables are are of special forms that 
allow equation (3.6) to be reduced to a system of ordinary differential equations in which </J is 
the independent variable. These equations are then directly integrated to yield expressions 
for Bx(<P) and P(</J) in terms of </J and dA/d</J. The Dungey and shear solutions also share 
the special property that for a fixed form of </J(y, z) , A(</>) may be freely chosen to prescribe 
the density of field lines. 
It is useful to note, for future reference, that the current density 
(3.7) 
(with c being the speed of light) may be written in terms of A and Bx to have the form 
\7 x B = ( - \72 A, 8!" , -a~,) . (3.8) 
In writing the equations in the remainder of this chapter we take the pressure scale height 
H = kT0 / gm to be unity. We refer the reader to Dungey (1953) and LM (2000) for more 
complete derivations and descriptions of the physical properties of the these families of 2Dr 
magnetostatic solutions. 
3.2.1 The Dungey solutions 
Dungey's isothermal solutions are generated by setting Bx = 0, so that the magnetic field 
lines are confined to the y - z plane, and the flux coordinate takes the form 
</J v = exp( - z) - a exp (- ~) cos ( ~) + b . (3.9) 
We introduce the free parameters a and b to replace the constant values of 2 and 1 chosen 
by Dungey. Any choice of A = Av(<Pv) generates a solution to the force-balance equation 
(3.6), provided that 
1 [ a
2 (dAv)
2 
(dAv)
2 
] P(<Pv) =Po - 871' (<Pv + 4 - b) d</Jv + j d</Jv d</Jv , (3.10) 
with Po being an integration constant. For future reference, we distinguish the flux profiles 
Av and As, as well as <Pv and </Js, for the Dungey and shear solutions, respectively. Any time 
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Figure 3.1: Contours of constant </Jn, defined by equation (3.9) showing selected field lines 
for the Dungey solution in they- z plane. The separatrix is the line labeled <Pn = 1.0 above 
which the field topology is characterized by a periodic system of closed loops and below by 
undulating lines. 
that a subscript is not attached to either A or ¢, we will be referring to the flux function or 
flux coordinates in a way that is applicable to either solution. 
Figure 3.1 is a sketch of the periodic magnetic field lines given by contours of constant 
<Pn(Y, z) for the case a= 2 and b = 1. The lines <Pn = 0.3, </>n = 0.6, </>n = 1, </>n = 1.1, 
</>n = 2, <Pn = 4, <Pn = 8, <Pn = 16, and <Pn = 32 are representative of the field line geometry 
and its dependence on </Jn. The field pattern is one of periodic system of 0-loops below 
which lies a horizontally directed undulating lines of force whose crests approach z -+ oo, as 
<Pn -+ b = 1 . As <Pn -+ oo, the field approaches configuration of straight horizontal lines. 
The line <PD = b is the separatrix between horizontal lines covering ( b < </> D < oo) and a 
periodic system of closed field lines around 0-type neutral points covering (0 < <Pn < b). · 
32 
3.2.2 Sheared solutions of LM 
The family of solutions of LM describing sheared magnetic fields with Bx =J. 0 can be gener-
ated by setting 
<Ps = exp(-z) +a cos(y) . (3.11) 
We introduce the free parameter a in the definition of <Ps to replace the constant value unity 
used by LM. 
For any given choice of A= As(</>8 ), a solution to equation (3.6) is determined by P(</>s) 
and Bx(<Ps) which are related to dA8 /d</>s by 
B~(</>,) = H ( </>; - a') ( ~~:) 2 (3.12) 
1 [ (dA8 )
2 
(dA8 )
2 l P(</>s) =Po - 471" </>s d</Js + j d</Js d</Js ' (3.13) 
where ,\ and P0 are constants of integration. 
Figure 2.2 is a sketch of the magnetic field lines, seen projected on the y - z plane, 
given by contours of constant <Ps(Y, z) for the case a = 1 . The lines <Ps = -0.5, <Ps = 0.5, 
</>s = 1, </>s = 1.1, </>s = 2, </>s = 4, </>s = 8, </>s = 16, and </>s = 32 are representative of 
the field line geometry and its dependence on <Ps· The field pattern is one of a periodic 
system of U-loops below which lies a horizontally directed undulating lines of force whose 
crests approach z --7 oo, as <Ps --7 a = 1 . As <Ps --7 oo the field approaches configuration of 
straight horizontal lines. The line <Ps = a is the separatrix between undulating horizontal 
lines covering (a< <Ps < oo) and a system of distinct periodic U-loops covering the domain 
(-a< </>s <a). 
In this chapter, our interest in the shear solution is restricted to the sub-class for which 
,\ = 0 in equation (3.12). Examination of equations (3.5) and (3.12) reveals that for solutions 
of this type, all three components of the magnetic field depend on the flux function As( <Ps) by 
being directly proportional to A~(</>8 ). Thus, the magnetic field line geometry is entirely fixed 
by the assumed form of </>s, and remains common to all solutions for which ,\ = 0. Since a 
field component exists perpendicular to they- z plane depicted in Figure 2.2, it is necessary 
to display the system as observed from an additional point of view to fully represent the field 
line geometry in 3D space. In this case, it is illustrative to view the system from the z axis 
and project the magnetic field onto the x - y plane. To find magnetic field lines projected 
on the x - y plane we first write the slope of the lines as 
dx Bx 
dy By 
J<P; - a2 
<Ps - a cos(y) 
33 
(3.14) 
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Figure 3.2: Field lines for the shear solution shown projected on the x - y plane as given by 
equation (3.15). The field lines become increasingly sheared as <Ps -+ 1.0 and the separatrix 
line is approached. 
with the use of equations (3.5), (3.11), and (3.12) for By and Bx, respectively. Integration 
of the above equation allows the field lines to be written as 
x=x0 -2tan-1 [J::~:tan(~)], (3.15) 
where x0 is a constant of integration. This solution is defined for 0 < y < 2n. Beyond this 
range one must choose appropriate values for the constant of integration to keep the field 
lines continuous as multiple periods of y are crossed. 
Figure 3.2 is a sketch of the magnetic field lines seen projected on the x - y plane given 
by equation (3.15) for which we have chosen a= 1 . The field pattern is one of diagonally 
directed lines of force which are most sheared at values of y that are integer multiples of 2n, 
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Figure 3.3: Field lines for the shear solution ar shown in 3D space as seen from a perspective 
that on a line from the origin is 20 degrees above the x -y plane and rotated about the z axis 
30 degrees from the x axis. The field lines are drawn for <Ps = 512.0, 256.0, 128.0, 32.0, 8.0, 
2.0, 1.5, 1.1, 1.01, shown in. black, red, orange, yellow, green, darker green, darkest green, 
light blue, and dark blue respectively. Two identical images are plotted to demonstrate the 
invariance of the system in the x direction. The field lines become increasingly sheared as 
<Ps -t 1.0 and the separatrix line is approached. 
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corresponding to the field crests in Figure 2.2. As cPs -t a = 1 the field grows increasingly 
sheared, with the lines at the crests pointing strongly in the direction of invariance and the 
lines at the magnetic valleys pointing perpendicular to the direction of invariance. As cPs 
grows larger than a, the shearing of the field lines diminishes, and in the limit cPs -t oo, 
the field approaches a configuration of straight lines directed at a 45° angle across the x - y 
plane. The lines cPs = 1, cPs = 1.001, cPs = 1.01, cPs = 1.1,c/Js = 2, and cPs = oo are shown to 
demonstrate the field line geometry and its dependence on cPs· 
It is difficult to convey the 3D geometry of the field lines of the shear solution given 
Figures 2.2 and 3.2 showing the lines projected on the y - z and x - y planes respectively. 
To further illustrate the 3D geometry, we show in Figure 3.3, a view of the shear solution 
from a perspective that is 20 degrees above the x - y plane, and 30 degrees from the x axis, 
where both angles are measured from the origin of the coordinates. In this case, we can 
clearly see that the combination of undulating, interchanging and shearing displacements 
work in concert to deform straight lines of force into helices. We should distinguish this 
helical geometry from that of a flux rope in which the helical lines encase one another to 
produce a structure with nonzero magnetic helicity. In contrast, the magnetic layer of the 
shear solution is composed of helical field lines that lie side by side and are not intertwined 
in any way, consequently, this configuration is of zero magnetic helicity. 
Inspection of Figures 2.2 and 3.1 clearly reveals that all the magnetic field lines permitted 
by the Dungey and shear solutions are not topologically equivalent to an infinite planar field. 
However, the solutions possess properties that allow us to remove the 0-loops and U-loops 
from the Dungey and shear equilibria, respectively, so as to leave only undulating field lines 
which may be obtained by ideal MHD displacements to a planar state. To exclude the 
magnetic U-loops and 0-loops from the solutions, a field line below a given separatrix must 
be taken as a boundary between the magnetized region below and the field-free plasma 
above. As pointed out by LM, this may be accomplished by picking a flux surface ¢ = 
¢
0
, a constant, and choosing a profile of A such that dA/ dc/J goes smoothly to zero on 
this flux surface approaching from ¢ > ¢0 , and remains zero in the entire region ¢ < c/Jo. 
Alternatively, a discontinuous transition can be made by letting the field and plasma pressure 
both be discontinuous while preserving equilibrium with a continuous total pressure across 
the boundary ¢ = ¢0 . For the Dungey solution, the total pressure may be written as 
B2 [ 1 I (dA ) 2 ] p+ - = Po - - _E_ dc/Jv exp(-z) 
8rr 8rr dc/Jv 
(3.16) 
with the use of equations (3.5), (3.9), and (3.10). The total pressure along any line of force 
is an isothermal exponential hydrostatic pressure. The same is true of the total pressure of 
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the shear solution when A= 0 in equation (3.12). Consequently, the magnetized atmosphere 
in ¢ > ¢0 of both families of solutions may be matched discontinuously and in equilibrium 
with a field-free isothermal atmosphere in¢< ¢0 . 
3.3 Equivalent Magnetostatic Atmospheres 
For each of the magnetostatic states in section 3.2, we can identify a plane-parallel atmo-
sphere from which the former could have evolved by ideal MHD plasma displacements. Let 
us call such a pair of plane-parallel and 2D states equivalent. The key properties that relate 
an equivalent pair are that their mass and magnetic flux are conserved. In other words, 
while deforming one state into the other, the magnetic field is frozen in the matter, and the 
field remains topologically equivalent to its original form. Mathematically, the conservation 
of mass and flux can be expressed as two invariants: M(A) and the flux of the longitudinal 
component x(A), which are common to both states (Kruskal and Kulsrud 1958). To be 
precise, x(A) is defined as 
(3.17) 
where J is the Jacobian of the A-y coordinate system. In the above equation, and for similar 
integrals to follow, we assign the limits y0 and y1 to the beginning and end of a Fourier cell. 
Such a cell may then be repeated indefinitely in the horizontal direction to account for the 
system's horizontal extent to ±oo. The above integral in A is indefinite, with an initial value 
of zero on the topmost field line. It should be noted that the invariance of x(A) is contingent 
upon retaining the symmetry of the system that is along the ignorable coordinate. We will 
show later that the Dungey and shear solutions provide an example of when this symmetry 
is broken. In addition to satisfying the above constraints for equivalence, we will ensure 
that the planar state also is in force balance. We show below how an equivalent pair of 
magnetostatic states may be constructed. 
Apart from integration constants, the magnetic field in the y-z plane for a 2D equilibrium 
state may be defined by the flux coordinate, ¢, in the plane of variation, the flux function, 
A(¢), and Bx(¢). In the equivalent plane-parallel state, all physical quantities depend only 
on height, with Bz = 0 so that B lies on horizontal planes of constant z. To identify the 
plane-parallel state with a given 2D equilibrium state, we need to specify a mapping from 
constant-z lines in the former to the constant-¢ lines in th.e latter. The mapping is the 
mathematical statement that the plasma on a given constant-z line in the planar state has 
been displaced to a specific constant-¢ line in the 2D state. 
To specify a mapping between states, we begin by defining the magnetic field lines in · 
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the plane-parallel state in terms of a flux function, A( <I>), dependent on the flux coordinate 
<I>(z). We may then define By as 
B _ dA dAd<I> 
Y - dz d<I> dz ' (3.18) 
where the functional dependence of A on <I> is precisely that of A on ¢ for the 2D state. By 
setting A(<I>) = A(cp) we effectively map the flux coordinate ¢ to <I> such that a field line 
identified with ¢ in the 2D state is identified with the same value of <I> in the planar state. 
With this formalism, the planar field retains the same flux as the 2D state. 
Similarly, the conservation of the mass between any two magnetic surfaces is expressed 
by requiring the mass M to have identical dependencies on <I> and ¢ in the planar and 2D 
states. To calculate the mass as a function of ¢ for the 2D case we integrate the density 
over an area bounded by contours of constant ¢ and by lines of constant y. We do not 
integrate in the ignorable coordinate, so we are effectively calculating mass per unit length. 
We proceed by writing the density as as the plasma pressure given by equation (3.3) divided 
by the square of the isothermal sound speed, c;. Then the integral is expressed in terms 
of the ¢ - y coordinate system, where we write the Jacobian for the transformation from 
purely Cartesian variables as J. This allows the mass to be expressed as a function of the 
flux coordinate, 
· 1 1"' 1y1 M(¢) = - 2 P(¢) exp(-z)J dy dcp . C5 <Po Yo (3.19) 
. In the above equation, and the one to follow, the integrals in the ¢ and <I> coordinates are 
indefinite and ¢0 and <1> 0 are chosen to represent the bottom most field line of the system. 
Repeating this calculation for the plane-stratified atmosphere yields the a similar expres-
sion. 
M(<I>) = (Y1 - Yo) {ip p(<I>) d<I> 
c2 lip <I>' s 0 
(3.20) 
To make use of equations (3.19) and (3.20) we need only integrate in y and then calculate 
dM/dA = (dM/dcp)/(dA/dcp) = (dM/d<I>)/(dA/d<I>) for the 2D and planar states respec-
tively. By equating these expressions, we ensure that (dM/dA) is a constant of the motion, 
and that both mass and flux are conserved. From this equality we arrive at an expression 
for the plasma pressure P( <I>) for the planar state. 
The construction of the planar state has thus far conserved the mass and magnetic flux 
associated with A by preserving M(A). However, the conservation of the flux associated 
with the Bx component of the magnetic field is contingent upon an additional invariance, 
x(A), which characterizes the topology of the field lines in the x - y plane. We determine 
Bx(<I>) from the condition that x(A) be preserved between the planar and 2D states, which 
38 
is consistent with field lines possessing the same value of A in the different states traversing 
the same total distance in the x direction. 
With this final requirement satisfied, a planar atmosphere equivalent to the 2D solutions 
can been created with the function <I>(z) undetermined. The free function <I> allows the 
plasma and its frozen-in magnetic field to be distributed in a general way along the z axis. 
It remains for us to find a particular form of <I>(z) which will allow the system to be in force 
balance. Writing equation (3.1) in planar form and integrating once with respect to z gives 
(3.21) 
where we remi~d the reader that the pressure scale height has been set to unity and does 
not appear in the above equation. Substitution of (dA/d<I>)/(d<I>/dz) for By, and P(<I>) along 
with Ba:( <I>) found by adherence to the invariants presented above allows equation (3.21) to 
be solved for <I>(z). 
3.3.1 Planar state equivalent to the Dungey solution 
To apply the method outlined above to the Dungey solution, we begin by finding the Jacobian 
of they - <Pv coordinate system, 
J = - exp(z) [1 + a cos(~) l · Ja2cos2 (~) + 4(</>v - b) (3.22) 
Substituting J into equation (3.19) and integrating over a single Fourier cell spanning 0 < 
y < 47l' we find 
47l' 1tf>D M(</>v) = 2 P(</>v) d<f>v. 
C8 tf>o 
(3.23) 
Equating this expression to the mass given in equation (3.20), we arrive at an expression for 
the plasma pressure in the planar state, 
d<I> 
p(<I>) = -P(<I>) dz' 
where P(<I>) has the same functional form as equation (3.10). 
(3.24) 
Substituting this expression for pinto equation (3.21) we arrive at the following equation 
for force balance: 
]_A12 (d<I>)2 - P(<I>)d<I> -jP(<I>) d<I> = 0. 
87r D dz dz (3.25) 
Making use of equation (3.10) for the pressure results in the following form of the force 
balance equation, 
(<I> + ~~) (Ai~~ + j Ai d<I> - 87l' Po) + (: - b) (Ai~~ + j Ai d<I>) = 0, (3.26) 
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which may be satisfied with the conditions that <I>+ ( d<I> /dz) = 0 and b = a2 / 4. The equation 
for <I>(z) has the solution 
<I>(z) = C exp(-z), (3.27) 
where C is a constant which must be specified to ensure mass conservation. If we substitute 
C exp(-z) for <I> in equation (3.20) for the mass of the planar state, and then equate the 
result to the mass in the Dungey 'state between the same field lines, as expressed in equation 
(3.19), we find that C = 1. 
3.3.2 Planar state equivalent to the shear solution of LM 
planarshear Following the approach taken for the Dungey solution, we begin by calculating 
the Jacobian of the y - <Ps coordinates, J = - exp(z). Substituting J into equation (3.19) 
and integrating over a single Fourier cell spanning 0 < y < 27r we find 
(3.28) 
Equating this expression to the mass for the planar state, equation (3.20), we arrive at 
an expression for the plasma pressure identical to that which we found for the equivalent 
Dungey state, 
d<I> 
p(<I>) = -P(<I>) dz. 
except that P(<I>) now takes the form of equation (3.13). 
(3.29) 
Now consider the topology of the field lines in the x - y plane. Upon examining the 
trajectory of field lines in Figure 3.2, we see that the distance traversed by a field line in 
the x-direction over one period is independent of </>8 , and is equal to the distance traversed 
by the line in the negative y-direction. To retain this field topology in the planar case, we 
simply set Bx(z) = -By(z). This choice conserves the magnetic flux associated with Bx and 
preserves the invariant x(As)· 
Using Bx(z) = -By(z) and substituting By from equation (3.18) as well as substituting 
expressions (3.29) and (3.13) for p, allows the planar force balance equation (3.21) to be 
written as 
( <I> + d<I>) (A'2 d<I> + j A'2 d<I> - 47r Po) = 0. dz s dz s (3.30) 
We thus have the same solution for <I> previously found for the Dungey solution. 
The identical result for <I>(z) is remarkable in its simplicity and its applicability for all 
choices of An and A8 • The form of <I>(z) determines unique mappings of the field lines in the 
Dungey and shear solutions to distinct planar magnetostatic atmospheres. These two planar 
40 
atmospheres can then be made identical with two simple operations. To begin, we can orient 
the magnetic fields of the equivalent planar equilibria in the same direction by rotating the 
shear solution i radians counterclockwise about the z axis by defining it in terms of the 
coordinates below, 
x' =,xcos (i) - ysin (i), y' = xsin (i) + ycos (i). (3.31) 
This transformation allows the magnetic field of the planar shear equivalent to be written 
as a single component along the y axis that may be represented as 
B _ dA d<I> A _ dAs d<I> ( Af _ A') 
- d<I> dz y - d<I> dz x y · (3.32) 
Inspection of the above equation along with equation (3.31) reveals that A= v'2As. Choos-
ing AD = A, we ensure the fields of the planar equivalents to the Dungey and rotated shear 
states have the same form. We can verify that the mass on the field lines in these two states 
is the same by substituting As = AD/v'2 into equation (3.13) for the plasma pressure of 
the shear state to recover expression (3.10) for the pressure of the Dungey state. Thus, by 
choosing AD = v'2A8 , and rotating the shear solution i radians, the two planar equilibria 
become identical. Consequently, the Dungey and shear equilibria themselves must be equiv-
alent under these circumstances. For the remainder of the chapter, we explore the properties 
of the equivalent atmospheres, and from here on we define the shear solution in terms of 
x' - y' as expressed in equation (3.31). 
By demonstrating that the Dungey and shear solutions are equivalent, we have provided 
a case when x(A) is not preserved, for clearly the value of x(A) is zero for the Dungey case, 
but non-zero for the shear case. The reason for the apparent contradiction is that the ideal 
displacements which deform a Dungey state to a shear state, or vice versa, breaks the original 
2D symmetry of the system to form a new system which is also 2D, but which possesses a 
plane of variation distinct from the original. In each system A is defined in terms of the 
magnetic field in the plane of variation. For the Dungey equilibria, the magnetic field is 
confined to the plane of variation, and A accounts for all components of the field, rendering 
x(A) zero. However, for the shear equilibria, there exists a field component perpendicular 
to the plane of variation, rendering x(A) nonzero. The nonconservation of x(A) in this 
case simply reflects the different symmetries of the Dungey and shear states. Provided the 
symmetry of a system and the corresponding definition of Bin terms of A is retained, x(A) 
will be an invariant of ideal MHD. 
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3.3.3 Extension of equivalent equilibria to continuous sets 
We will now show that there exist two infinite and continuous sets of equivalent equilibria 
comprising respectively members the Dungey and shear families, which also encompass the 
planar states previously demonstrated. Equivalence among members of the Dungey family 
may be ensured choosing b = a2 /4 in equation (3.9) which results in M(<Pn) expressed in 
equation (3.23) being independent of a. Then it is true that while An(<Pn) is held fixed, a may 
be varied and M(A) will remain invariant. Consequently, for a given Dungey solution defined 
by An(<Pn), smoothly changing the value of a is consistent with ideal MHD displacements 
that move the system through a continuous sequence of equilibria. For this set of solutions, 
setting a = 0 recovers the planar state and as a is increased, the amplitude of the field 
line undulations grows until crests in the uppermost line, ¢0, reach z --+ oo. At this point, 
the field line, ¢0 , has the form of the separatrix, and a has attained its maximum value, 
amax = V2¢0 • Moving a beyond this limit will result in the magnetic field containing closed 
0-loops above the separatrix. Within a sequence of Dungey equilibria, field lines sharing 
a common value of <Pn/a2 will have identical shape, but will be offset in z by a distance 
log(¢2/¢1). 
Figure 3.4 shows magnetic field lines, given by contours of constant <Pn(y, z) and <Ps(y', z) 
for members of sequences of equivalent Dungey, and shear equilibria, respectively. To demon-
strate the dependence of the Dungey solution's field line geometry on a, three equilibria are 
displayed in the left column having values of a equal to a = 0, a = 1, and a = 2; these 
are displayed top, center, and bottom, respectively. Similarly, the shear-solution field line 
geometry is displayed in a column of three figures on the right, having values of a equal to 
a = 0, a = 0.5, and a= 1 at top, center, and bottom. In all cases, the field lines <Pn = 1, 
<Pn = 2, </Jn = 4, </Jn = 8, <Pn = 16, and <Pn = 32 are drawn to represent the field line 
geometry. 
For the case of the shear equilibria, we must demonstrate that both M(<Ps) and x(<Ps) 
are independent of a to ensure equivalence among states with common As(<Ps) and different 
a. Examination of equations (3.28) and (3.13) reveals that M(<Ps) is independent of a. To 
show x(<Ps) is independent of a, we integrate the Bx flux in y- <Ps coordinates over a Fourier 
cell. Using equation (3.12) for Bx while writing the Jacobian as J = -1/[<Ps - a cos(y)] we 
find the result 
(3.33) 
Consequently, the equivalent shear equilibria may also be extended to a continuous set. This 
sequence of equilibria is equivalent for the range 0 < a < <Po. Choosing a = 0 recovers the 
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planar state, and setting a = ¢0 results in the line denoted by ¢0 taking the form of the 
separatrix. For this sequence of equilibria, lines sharing a common value of <Ps/a will have 
identical shape, but will be offset in z by a distance log( ¢2/ ¢ 1). 
For 2D equilibrium states which possess only continuous undulating field lines, there 
exists, in general, an equivalent planar equilibrium state. However, the existence of a contin-
uous sequence of equilibria connecting the 2D and planar states is a property of the Dungey 
and shear solutions; such a connection may be possible for other equilibrium solutions, but 
in general this cannot be assumed. For this reason, we have included and demonstrated a 
general technique for finding equivalent planar states with the intent that the method be ap-
plied elsewhere. A good candidate for such an analysis is the family of 2D equilibria provided 
by Low, Hundhausen, and Zweibel (1983). This family of equilibria is more diverse than 
those of either Dungey or LM since its members are distinguished by two free parameters 
which allow both the amplitude and periodicity of the field line undulations to be altered. 
For the remainder of this chapter, we set a = 2 and a = 1 for the Dungey and shear 
equilibria, respectively, so that separatricies of both solutions occur at <P = 1, which will aid 
in the comparisons between the equilibrium states to follow. The results of the comparisons 
depend on a only by way of the ratios <Pv/a2 and <Ps/a which determine the particular 
field-line shapes for the Dungey and shear equilibria, respectively. Thus, while the values 
for a are fixed, the comparisons we make are applicable to all values a by the ability to 
smoothly change <P to include all field-line shapes permitted in the equivalent Dungey and 
shear solutions. 
3.4 Plasma Displacements and Field Geometry 
Here, we explore the plasma displacements required to produce Dungey and shear equilibria 
from the same planar state. Since we are working within the regime of ideal MHD, the 
magnetic field lines represent boundaries that the plasma may advect but not penetrate. The 
plasma displacement in this case may be resolved into two components, one which bodily 
moves and bends the field lines, and another which redistributes the plasma along the field 
lines in what is commonly called a siphon flow (Priest 1984). To determine the extent to 
which a siphon flow has occurred in producing the 2D states, we need only calculate the 
distribution of plasma along field lines to see how it departs from the uniform distribution 
of the equivalent planar state. For the Dungey solution, we may use the Jacobian of the 
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Figure 3.4: Selected field lines for Dungey and shear solutions are drawn as contours of con-
stant <Pn(y, z) and <Ps(Y, z) defined in equations (3.9) and (3.11) respectively. Here, different 
values of a correspond to distinct members of a sequence of equivalent equivalent Dungey 
and shear equilibria. To illustrate the dependence of the field line geometry on a, three 
Dungey equilibria are displayed in the left column having values of a set to a= 0.0, a= 1.0 
and a = 2.0 for the states top, center and bottom respectively. In the right column, three 
shear equilibria are displayed having values of a set to a= 0.0, a= 0.5, and a= 1.0 shown 
top, center, and bottom respectively. 
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y - <f>v coordinates, equation (3.22), to write the mass between field lines as 
M = 12 t/12 P(<f>v) [Y2 [1 + cos(~) l dy d<f>v . 
. c5 1¢1 lv1 J<t>v - sin2 (~) 
(3.34) 
Integrating the mass in a single Fourier cell on two separate intervals, one corresponding to 
the field valley, -7f < y < 7f, and the other the crest, 7f < y < 37f, gives the following: 
27f r<P2 [ 2 . -1 ( 1 )] M+, M_ = c; l¢
1 
P(</>v) 1 ± ;sm V(fi; d</>v, (3.35) 
where M+ and M_ refer to the mass in the valley and the crest, respectively. Examination 
of the expressions for M+ and M_ reveals that a siphon flow is necessary to drain plasma 
from the field crests to the valleys to produce a Dungey equilibrium from its equivalent 
planar state. The redistribution of plasma increases monotonically as </>v decreases until the 
separatrix is reached, at which point all the plasma in the crests of the field line has drained 
to the valleys. 
The mass in the shear solution may similarly be written as a function of the flux coordi-
nate </>s and y', 
(3.36) 
where we have substituted J = - exp(z). Examination of this expression reveals an even 
distribution of plasma on the field lines in the y' direction. In this case, the y' coordinates of 
the plasma elements remain fixed, and no siphon flow occurs as the field lines are deformed 
into the undulating pattern seen in Figure 2.2. 
The siphon flow in the Dungey solution is accompanied by field line undulations which 
are more pronounced than the shear solution, which is apparent by direct comparisons of 
Figures 2.2 and 3.1. The amplitude of the undulations in the Dungey and shear equilibria 
can be compared quantitatively by calculating the maximum departure of the field lines from 
the equivalent planar state; we find 
( yq;; ) /),,_zvungey = 2 log y'q;; ± 1 , (3.37) 
/),,_zshear = log ( </>s</>~ l) · (3.38) 
In the above equations for /),,_z, - and + apply to the height of the crest above, and the 
depth of the valleys below, the equivalent straight field line, respectively, as depicted in 
Figure 3.5. As <f>v decreases, the Dungey valleys grow deeper and the crests higher than 
the shear-solution counterparts. When </> = 1, both solutions' crests go to z = oo, while 
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Figure 3.5: The amplitudes of the field line undulations for the Dungey and shear states 
are shown as measured relative to the height of the equivalent planar field lines. The figure 
shows the height and depth of the crests and valleys, respectively, of the Dungey and shear 
states compared to the planar state. 
the Dungey valleys sink twice as far as the shear valleys, to a depth of 2 log(2) below the 
equivalent straight line. As <P -t oo, the amplitudes of the undulations of both solutions 
converge to zero; however, the shear amplitude converges more rapidly so that the ratio of 
the Dungey to shear amplitude goes to infinity, even as the difference goes to zero. 
One often intuitively feels that condensations of dense plasma result from siphon flows 
draining plasma into the valleys of an undulating magnetic field. In the Dungey and shear 
equilibria, the formation of such condensations occurs only when the pressure function, 
P(</J), shared by all equivalent equilibria, decreases with ¢, or, equivalently, increases with 
z. This fact can seen by measuring the pressure, p = P(<P) exp(-z), on a horizontal line 
cutting through the undulations. At a uniform height, the valleys are characterized by lower 
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values of <P than the adjacent crests, so P(<P) decreasing with ef> will necessarily result in 
higher pressure in the valleys than in the crests. The decrease in P( <P) with <P requires 
a negative vertical magnetic field gradient which supports the weight of the plasma. A 
magnetic field whose strength increases with height results in condensations forming in the 
field crests rather than the valleys. The siphon flow of the Dungey solution intensifies the 
formations of condensations compared to the shear solution, not by changing P(ef>), but by 
being accompanied by larger undulations in the magnetic field. 
The increased condensation of plasma in the Dungey solution continues into the field-
free plasma above the magnetic layer. The separatrix for the both solutions is the line 
<P = 1, which for the shear solution, assumes the form of adjacent U-loops that have the 
functional form z = - log [1 - cos(y')]. The separatrix for the Dungey solution is defined by 
the function z = -2log [cos(~)+ Jcos2 (~)] and may also be written as z = -log(2) -
log [1- cos(7r + y)] describing periodic U-loops over the intervals (4n- l)7r < y < (4n + l)7r 
for n = 1, 2, 3, .... By comparison, we see that the U-loops of the Dungey separatrix when 
translated horizontally by multiple values of 71", and upwards by a distance log(2) become 
identical to those of the shear separatrix. Over a given horizontal distance there are only 
half as many U-loops in the Dungey solution, which contain twice the plasma of their shear 
counterparts. 
3.4.1 Magnetic shear 
It is clear from Figure 3.2 that the magnetic field becomes increasingly sheared at the crests 
as they rise to ever greater heights as <Ps -t 1. . Here we describe this magnetic shearing 
quantitatively, and explain the reason for it with simple physical arguments. To begin, we 
describe the magnetic field of the shear solution in terms of longitudinal and transverse 
components. The longitudinal component is in the direction of invariance and corresponds 
to the field component Bx'. The transverse component is in the plane of variation for which 
the magnitude is Br= JB~, + B;. Using equations (3.5), (3.11), and (3.12), we can write 
the ratio of the longitudinal and transverse components as a function of <Ps and y', 
¢; -1 Bx' 
-Br 
(3.39) ¢; - 2</Js cos(y') + 1 · 
It is instructive to examine the above equation at the center of the crests and valleys of 
the undulating field. The field crests occur where cos(y') = 1 and Bx'/ Br may be written as 
(3.40) 
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By contrast, the field valleys occur where cos(y') = -1 where the ratio of field strengths Bx' 
to Br is the reciprocal of that given by equation (3.40). From this, we see that as <Ps -+ 1, 
Bx'/ Br -+ oo at the crests and Bx'/ Br -+ 0 at the magnetic valleys. Clearly, as the field 
rises, the longitudinal field dominates in the crests. Another way of stating this relationship 
is that the magnetic field is sheared and turns towards the direction of invariance at the 
crests as they rise higher in the atmosphere. 
The reason for this field line geometry is intriguing, and is the consequence of the con-
ditions of equilibrium. For the moment, let us consider the nature of force balance in the 
direction of the invariance. We have assumed that our system possesses 2D variations and 
a field component Bx' along the ignorable coordinate. If we look at the x' component of 
equation (3.1), we note that the only force is due to the bending of magnetic field lines and 
may be written as 
(3.41) 
Clearly, fo~ there to be no force out of the plane, Bx' must be a constant along a field line, or 
equivalently, Bx' must be a function of As(<Ps)· This result is an unavoidable property of 2D 
magnetostatic configurations possessing a field component along the direction of invariance. 
If Bx' is not constant along a field line, then the unbalanced Lorentz force will cause shearing 
motions in the direction of invariance. 
Examination of the induction equation demonstrates how such shearing motions affect 
the longitudinal component of the field, Bx'. The induction equation is 
(3.42) 
of which the x' component may be written as 
8Bx' 8 8 
---al+ \7 · (Bxiv) = ay' (vx'By1 ) + az (vx1 Bz). (3.43) 
The left-hand side of equation (3.43) enforces the continuity of Bx' as it is advected in the 
y'-z plane. The right-hand side of the equation can be thought of as a source term which is 
due to the shearing of the transverse field in the x' -direction. 
In our example, displacing the field lines from a flux coordinate of <I>(z) = exp(-z) to 
new coordinate <Ps(Y', z) = exp(-z) + cos(y') bends the By' field component and in addition, 
advects the longitudinal component, Bx'. Such a deformation would cause the system to be 
out of equilibrium if it were not accompanied by a shearing displacement to restore Bx' to 
being constant along field lines. Figure 3.6 depicts the sheared field lines on the x-y plane for 
values of <Ps = 1.001, <Ps = 1.01, <Ps = 1.1, <Ps = 2.0, and <Ps = oo. Superimposed upon the field 
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Figure 3.6: Field lines for the shear state shown projected on the x - y plane and defined in 
terms of coordinates give by equation (3.31) so that the field may be made equivalent to the 
Dungey state. The arrows show the direction and magnitude of the plasma displacements 
in the x - y plane required to deform a field line identified with <I> = 1.001 in a planar 
atmosphere to the shear configuration. Note that the displacements are parallel to the x' 
axis defined in equation (3.31). 
lines are arrows showing the magnitude and direction of plasma displacements for ef>s = 1.001 
. The plasma displacements are zero at the center of the field crests and valleys where y' = mr 
and elsewhere vary periodically in the ±x' direction. This displacement is consistent with 
the Lorentz force which would exist upon bending field lines to ef>s = exp(-z) +cos(y') prior 
to shearing. Thaveling along field lines going in the negative y' direction, Bx' would increase 
upon descending into the valley on the right-hand side and yield a positive Lorentz force 
and a positive displacement. At the center of the valley as at the crests, the gradient in Bx', 
would be zero and so too, the Lorentz force. Rising out of the valley on the left hand side, 
Bx' would decrease, and the Lorentz force would be negative, corresponding to a negative 
shear displacement. The maximum +, - departures of the field lines from their straight 
equivalents occur at fixed points on the y axis, y = 2v'27r ( n + ~) and y = 2v'2n ( n + ~) 
respectively where n = 1, 2, 3 .... The magnitude of the departure at these points is 
d = V2 [ ~ _ 2 tan_, ( q ::: D l (3.44) 
which achieves as maximum value of 7r / y'2 when ef>s = 1. 
Dynamically, shearing is driven when rising magnetic crests are weaker in Bx' than the 
collapsing valleys. The gradient in Bx' results in a Lorentz force in the x' direction which 
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drives finite amplitude shear Alfven waves that transport longitudinal flux from the field 
valleys into the expanding crests, and return Bx' to being constant along field lines. The 
results of numerical simulations of erupting sheared magnetic fields will be given in Chapters 
4 and 5 that clearly demonstrate the characteristics of the shear Alfven waves that are 
produced in ascending sheared magnetic fields. 
In addition to the longitudinal component, Bx', being constant along field lines for 2D 
equilibrium states, there is also the ideal MHD constraint that the functional form of Bx' (As) 
must conserve the Bx' flux between equivalent equilibria. Taken together, these two facts 
imply that for 2D equivalent equilibria, the magnitude of Bx' is inversely proportional to the 
total area between adjacent field lines. Thus, the determination of Bx' for such equilibrium 
states is nonlocal. This is different from the transverse field, whose magnitude is determined 
by the local expansion or compression of field lines. The nonlocal nature of Bx' will likely 
have a profound effect on the time evolution of buoyancy instabilities because longitudinal 
flux will tend to accumulate in the expanded portion of the magnetic field. 
3.4.2 Magnetic and current helicity 
The magnetic helicity is defined as HB = f A· B dV, and is an invariant of ideal MHD which 
characterizes the field line topology. The conservation of magnetic helicity has important 
implications for the equilibrium states attainable by a system, and the free energy that the 
system may release, as shown by Taylor (1986) and Woltjer (1958). To be precise, gauge 
invariance and topological meaning can only be attributed to magnetic helicity only if the 
boundary S of the integration volume corresponds to a flux surface where B · nJs = 0 
(Moreau 1961; and Moffatt 1969). The Dungey, shear, and planar equilibria discussed here 
do not possess closed field structures; rather, the lines extend indefinitely in the horizontal 
direction. In this case the helicity over the entire structure is physically not well defined; 
however, over an arbitrary, simply-connected volume a meaningful gauge-invariant measure 
of helicity can be constructed which is also an invariant of ideal MHD. Berger and Field 
(1984) introduced the concept of relative helicity, which is the difference in the helicity of 
a given magnetic field from a potential field possessing the same flux distribution at the 
boundary of the integration volume. The Dungey and shear equilibria are deformable by 
ideal MHD displacements to planar states whose field lines point in a uniform direction, and 
which are obviously of zero relative magnetic helicity. Consequently, the Dungey and shear 
equilibria we have analyzed, must themselves be of zero relative magnetic helicity. 
While the relative magnetic helicity among equivalent equilibria remains fixed at zero, 
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there may be a significant change in the electric current helicity, which is defined as 
HJ = 4~ j ('\1 x B) · B dV (3.45) 
with the use of equation (3.7). The current helicity carries the same requirement as the mag-
netic helicity, namely that in order to be topologically meaningful, the integral in equation 
(3.45) must be over a volume that fully contains the current system. However, unlike the 
magnetic helicity, the current helicity is not a conserved quantity of ideal MHD. In spite of 
these qualifications, the current helicity remains a useful measure of how much the magnetic 
field and electric current are aligned, and is employed in astrophysics for two reasons. First, 
the current helicity is dependent upon two physical quantities, B and V' x B for which there is 
no concern with gauge dependence. Second, for the solar atmosphere, vector magnetograms 
are currently obtainable from only one height in the photosphere (Leka et al. 1996). From 
such spatially limited observations the magnetic helicity density can not be known because 
of its gauge dependence. However, it is possible to arrive at a partial measure of the current 
helicity density that is jzBz since the magnetic field and its derivatives are measured only on 
a plane of constant z taken at the photosphere. This partial measure has been interpreted 
to imply twist and magnetic shear in the measured photospheric magnetic field, as well as 
a nonzero magnetic helicity. This latter interpretation should be made with caution as we 
demonstrate in the analysis below. 
For the Dungey solution, the electric current is everywhere perpendicular to the magnetic 
field, so the current helicity is identically zero as it is in the planar state. However, for the 
shear solution, a component of current density is parallel to the magnetic field so that the 
current helicity need not be zero. To find the current helicity for the shear state, we begin 
with equations (3.5) and (3.8) for B and V' x B, respectively. Substituting equation (3.12) 
for Bx results in 
HJ=~ J J A~2 (</>s) dy d</>s · 
271" J<t>; - 1 
(3.46) 
Since both B and V' x B are physical quantities, it is meaningful to directly compare the 
current helicity of the planar and 2D states. The contribution to the current helicity for 
the shear state diminishes as <Ps --+ oo, and the field lines straighten out. However, there is 
a very significant positive-definite contribution to the current helicity as <Ps --+ 1, and the 
magnetic field becomes highly sheared. 
To further clarify the generation of current helicity in the shear state, we calculate cos(O), 
where 0 is the angle between B and J, as a function of the flux coordinate <Ps, 
B · (V' x B) 
cos(O) = IBllY' x Bl . 
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(3.47) 
If we now make the same substitutions used to find HJ, we obtain 
1 
cos(O) = 1 • 
{1 + (¢; - 1)(1 + ¢; - 2¢s cos(y)) [l~ d:. (<PsA~)r} 2 
(3.48) 
Figure 3.7 provides a sketch of the angle between the magnetic field and the current 
density given by equation (3.48) for individual field lines as a function of y. To show the 
dependency of the angle on <Ps, five lines are drawn for values of <Ps = 1.001, <Ps = 1.01, 
<Ps = 1, <Ps = 2, and <Ps = oo. For this example, we have simply chosen the flux function 
As(<Ps) = <Ps· Two patterns emerge. First, we see a monotonic progression of the field and 
current density going from perpendicular to parallel as <Ps ---+ 1. Second, the crests where y 
equals integer multiples of 27r exhibit electric currents that are more field-aligned than those 
of the valleys of the field. The field-aligned currents are consistent with the sheared geometry 
of the magnetic field lines increasing as <Ps ---+ 1, as well as the concentration of shear in the 
field crests. The deformation of the planar state to the shear configuration is a clear case 
of an ideal MHD displacement that creates significant current helicity while preserving zero 
relative magnetic helicity. This case presents an important example where the two helicities 
are quite distinct, the magnetic being an invariant while the current helicity is not. 
3.5 Energy Differences Between Equilibria 
We now ask whether the planar atmosphere is likely to physically evolve into any of the 
equivalent equilibrium states belonging to the Dungey and shear families. In the event that 
a 2D state is lower in potential energy than the planar state, and is stable, it represents a 
possible final state in the evolution of the system beginning with an instability of an initial 
configuration (Mouschovias 1974). To address the energy difference in the states, we use the 
integral which Mouschovias demonstrated as a rigorous hydromagnetic potential energy for 
the equations of MHD governing the isothermal gas-field system in the presence of uniform 
gravity. This integral is written as 
(3.49) 
where 
WP= j plog(p) dV, (3.50) 
Wm= j (::) dV, (3.51) 
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Figure 3. 7: The angle between the magnetic field and electric current is plotted as expressed 
in equation (3.48). The angle is given as a function of y to demonstrate how the it varies 
along individual field lines while multiple plots show the angle's dependency on <Ps· 
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and 
W9 = j p'I! dV, (3.52) 
and we define the gravitational field as g = - \7'I!. We define .6. Wpot to be the potential 
energy difference of the 2D states relative to the potential energy of the equivalent planar 
state. 
We begin by defining precisely the form of the equivalent equilibria which we consider. 
We choose ~ configuration where the magnetic field is confined between, and goes smoothly 
to zero on, two lines such that, A'(cf>1) = A'(cf>2 ) = 0 with cf>1 < cf>2 . In the regions cf> < cf>1 
and cf> > ¢2 , we have field-free isothermal plasma exponentially stratified by the uniform 
gravitational field. The energy integrals are then calculated on an area of the y - z plane 
that extends 471" in they direction, and in the z direction, extends from a fixed level z0 below 
the field to z --t oo. Integration is not performed in the ignorable coordinate x, so we are 
effectively calculating and comparing energy per unit length. 
The magnetic energy for the planar equilibrium state may be calculated by referring to 
equation (3.18) and using <P(z) = exp(-z). We can then write equation (3.51) with respect 
to the flux coordinate and integrate in y to arrive at 
Wm= ~ j <PA'2 d<P. (3.53) 
Repeating this calculation for both the Dungey and the shear equilibria, we recover equation 
(3.53). The magnetic energy thus remains identical in all three cases, so we write the 
difference between the states as 
(3.54) 
Although the total m.agnetic energy remains unchanged, the distribution of that energy 
changes radically as the undulations in the field lines increase. For the Dungey state, the 
magnetic energy follows the plasma from crest to valley with the same functional form as 
equation (3.35), which describes the distribution of plasma. Such a redistribution of energy 
is consistent with field line undulations larger in amplitude than those of the shear state 
which has a horizontally uniform distribution in field energy. For the shear state, it is 
the distribution of energy between longitudinal and transverse components that changes as 
cf>s --t 1. The ratio of the longitudinal to the total magnetic energy along individual field 
lines may be written as 
dWm1 _ Vcf>~ -1 
dWm 2cf>s (3.55) 
the details for which are in the Appendix. In the limit cf>s --t oo, when the field lines are 
straight, half of the energy is in the longitudinal component, just as one would expect from 
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the field line geometry. However, in the limit <l>s -t 1, as the field lines rise to greater heights, 
we see that the energy of the longitudinal component vanishes. Since the total magnetic 
energy remains unchanged, the energy of the transverse component must necessarily double 
as <l>s -t 1. The reason for the change in W ml is that the longitudinal flux accumulates in 
the crests which are ever-expanding as <l>s -t 1. In doing so, the energy of the longitudinal 
component is allowed to decrease. The transverse component also expands in the crests but 
more importantly, is compressed in the magnetic valleys. Consequently, the total energy in 
the transverse component increases as the amplitude of the undulations in the field increase. 
Next, we address the change in the gravitational potential energy of the system. For the 
system we are concerned with, the gravitational field is uniform. As a result, the potential 
energy as measured from infinity is ill-defined. However, it is still possible to calculate 
the gravitational energy from an arbitrary reference height. If we then take the difference in 
energy between two equilibrium states, the dependence on the reference height will drop out, 
and we will be left with a meaningful energy difference. We calculate the gravitational energy 
of the magnetized layer, as well as the field-free plasma above and below the magnetic layer. 
Summing the contributions from all three regions, we find the total gravitational energy of 
the system. We then subtract the gravitational energy of the planar state from that of the 
Dungey state and write the difference as 
(3.56) 
A more complicated expression arises for the gravitational energy difference between the 
shear and planar state, 
where we have defined the functions P(</>), f(<f>s), and g(<f>s) as 
P(¢) = -l; Hd~ )'+I (dd~')' d¢], 
J(</>s) = (<t>s - J<t>; - 1) - </>slog [2</>s (<t>s - J<t>; -1)], 
g( </>s) = log [ 2</>s ( </>s - V ¢; - 1)] . 
(3.57) 
(3.58) 
(3.59) 
(3.60) 
A detailed derivation of the functions f(<f>s) and g(<f>s) is presented in the appendix. For 
clarification, we may also write P(<f>) = [Po+ P(<f>)] based on equation (3.10). The change 
in energy between the 2D and planar state is separated into two parts, the energy difference 
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of the field-free plasma evaluated at ¢1 and ¢2 , and the energy difference of the magnetized 
plasma expressed as an integral with bounds at ¢1 and ¢2 • 
There are several physical aspects of the gravitational energy that are brought out by 
equations (3.56)-(3.60). First, we find for the Dungey state that there is a change in the grav-
itational energy of the field-free plasma, but not in the magnetized plasma. This change in 
gravitational energy is larger than that of the shear state, and has no functional dependence 
on <f>v. Second, we note that in taking the difference between the 2D and planar states, P(</>) 
now enters equations (3.56) and (3.57) rather than P(<f>). Thus, the change in gravitational 
energy is proportional to the amount the magnetic field changes the stratification of the 
plasma. The Dungey state will be lower in the gravitational energy than the planar state 
only when P(</>1) > P(</>2). However, for the shear state a more relaxed condition may be 
met to allow a drop in energy resulting from the monotonically decreasing functions, f(</>s) 
and g(<f>s) displayed in Figure 3.8. 
The dependence of the gravitational energy on P(</>) comes from undulations in the field 
that allow plasma above a field line to move down in the valleys of the line, and lower the 
energy of the system. However, under a curved field line, plasma is actually raised and 
increases the gravitational energy. The total change in gravitation energy of the plasma is 
simply the sum. of these two contributions, which will be negative when P increases with 
height. Thus, any time the plasma is supported against gravity by the magnetic field, there 
will be a plasma condensations in the field valleys, and a drop in the gravitational energy 
of the system when going from the planar to either 2D state. The magnitude of the energy 
change also depends on the degree of bending in the field lines, which for the shear state is 
expressed by functions f(<Ps) and g(<f>s), equations (3.59) and (3.60), shown in Figure 3.8. As 
<Ps --+ oo, the field lines rapidly straighten out, and J(</>s) and the integral g(<f>s) with respect 
to <Ps tend to zero as (1/¢ 8 ). By contrast, the absence of a <Pv dependence of the gravitational 
energy of the Dungey state implies that the contribution from the more extreme field line 
bending keeps pace with the exponential stratification of the atmosphere. 
Finally, we address the p log(p) part of the hydromagnetic potential energy. A difference 
in f p log(p) dV between the Dungey, shear, and equivalent planar state is not a change in the 
intrinsic thermal energy of the plasma but rather the energy exchanged between the system 
and a thermal reservoir such that the system remains isothermal while changing from one 
state to another. Examining expression (3.50) for the thermal energy, we write 
WP= j j [log(P(<f>))P(</>) exp(-z) - P(<f>)z exp(-z)] J dy d<f>, (3.61) 
which may be further simplified by the use of equation (3.52) to: 
WP= j log [P(</>)] dM - W9 . (3.62) 
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Figure 3.8: Graphs of the functions f and g from equations (3.59) and (3.60) are shown 
which indicate how the change in gravitational energy for the shear state is dependent on </>s 
as defined in equation (3.11). 
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Since the pressure function, P(</>), is common to all equilibria, we find 6.Wv = -6.W9 , 
remembering that there are two separate expressions for W9 for the Dungey and shear 
equilibria. Combining this with the previous result 6. Wm = 0, we find 
(3.63) 
for the transition from planar to either Dungey or shear equilibria. Since P( cp) and B2 are 
independent of the parameter a, used to define ¢, the result 6. Wpat = 0, applies to the energy 
difference among all members of the equivalent sequences of Dungey and shear equilibria. 
A positive /negative value of 6. Wp implies that work has been done on /by the plasma 
which, under adiabatic circumstances, would increase /decrease the . temperature of the 
plasma. However, under the isothermal conditions, the thermal energy of the plasma, which 
is proportional to J pdV, cannot change, so the energy supplied to /lost by the plasma must 
be released to /absorbed from a thermal reservoir. The mechanism for such energy exchange 
is in general not specified. So, in the astrophysical context, we are free to interpret the 
process as the plasma emitting or absorbing radiation. The fact that 6. Wpot = 0 implies 
that the energy lost from the system remains available from the thermal reservoir, so that 
the process is reversible. 
When the magnetic field supports the plasma, the transition to either 2D state results in 
work done by gravitation force on the plasma so that 6.W9 < 0. Under these circumstances, 
6.Wp = -6.W9 implies that the gravitational energy goes directly into compressing the 
plasma as dense condensations are formed in the valleys. The isothermal condition then 
demands that this energy be lost from the system in a way which we interpret as emitted 
radiation. When the magnetic field exerts a net downward force on the plasma, then the 
transition to either 2D state results in 6. W9 > 0, as plasma tends to rise in the magnetic 
crests. In this case the increase in gravitational energy can be attributed to work done by 
the plasma as it expands in the crests and absorbs radiation to remain isothermal. 
It is remarkable that a system could undergo such a wide range of deformation from 
a planar state to an undulating state without changing the potential energy of the system. 
However, the fixed potential energy is consistent with the fact that the equilibrium states are 
not bounded by a surface at which a force is applied, and the fact that the set of equilibrium 
states is continuous. Consequently, a displacement that is of precisely the form that moves 
the system through the equivalent set of equilibria is only resisted by the inertia of the 
plasma. No other forces are generated by the system that either promotes or impedes the 
displacement. By such a displacement, the system is given kinetic energy but the total 
potential energy of the system, Wpat, is unaffected. The system must then be neutrally 
stable to the displacement that precisely moves it through either the Dungey or shear set of 
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equilibria. 
A common value of the potential energy for all equivalent Dungey and shear equilibria 
is readily explained by the mathematical form of the magnetic pressure. For both solutions 
B2 /Brr is proportional to A'2 c,b exp(-z) (see Appendix), so the magnetic pressure scales like 
the plasma pressure given by equation (3.3), which in turn falls off exponentially in height 
while adhering to a given field line. As a result, the magnetic field always displaces the 
same amount of plasma even though the field may occupy different volumes depending on 
the solution type, and the value of a used to define cf>. To be more specific, the value of 
of J exp(-z)dV over the magnetic regions is common to all equivalent equilibria, which is 
precisely why the pressure function P( cf>) is common to all states. In the process of displacing 
the system from one equivalent state to another , the volume of the magnetic field changes 
such that the plasma expands or compresses in a way that requires an amount of work equal 
and opposite to the change in gravitational energy. The form of the magnetic pressure also 
ensures that there is no change in magnetic energy among equivalent states. Since B 2 scales 
as A'2c,bexp(-z), the integral for the magnetic energy has a form identical to that which 
ensures conservation of mass between field lines. If the rising field were to expand such that 
J exp(-z)dV integrated over the field increased, /decreased there would be a net increase 
/decrease in the potential energy of the plasma. 
3.6 Discussion and Comparison with Observations 
The first important result in this chapter is the analytical demonstration that any planar 
isothermal magnetostatic atmosphere whose field lines point in a uniform horizontal di-
rection, which is bounded above by a field-free plasma, may be deformed by ideal MHD 
displacements into either of two continuous sequences of Dungey or shear equilibria. By this 
demonstration, we have shown that the planar system, subject to prescribed MHD invari-
ants, by virtue of the variational formulation of Kruskal and Kulsrud (1958) (with periodic 
boundary conditions) may attain an infinite number of equilibrium states. In addition, the 
particular form of the geometries of the Dungey and shear equilibria ensure a common value 
for the potential energy among all equivalent states. This fact is significant in the sense that 
the variation formulation of Kruskal and Kulsrud (1958) identifies an equilibrium state with 
an extremum in the potential energy of the system. Such extrema are usually thought to lie 
at isolated points in the space spanned by the variables that define the state of the system. 
The equivalent Dungey and shear equilibria, however, represent a case where the potential 
energy extremum takes the form of a continuous surface at a constant value in potential 
energy. While the potential energy is common to these equilibria, it is unknown whether the 
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second variation of the potential energy, which determines the stability of equilibria, will be 
positive or negative. 
Since the Dungey and shear equilibria possess the same energy as their planar equivalents, 
they cannot be produced as a result of instabilities of the planar state that would necessarily 
evolve the system to a lower energy end-state. However, the fact that a planar magnetostatic 
state can evolve to a configuration like that of the Dungey solution has been predicted by 
Parker (1966) and demonstrated by Mouschovias (1974). The equilibria of Mouschovias 
have field undulations possessing wavelengths of 18, 24, and 30 pressure scale heights. For 
the shortest wavelength state, there is a modest drop in the potential energy compared 
to the equivalent planar state. As the wavelengths of the undulations increase, so too, 
does the drop in potential energy. By comparison, the Dungey state with an undulation 
period of 47r pressure scale heights and no change in potential energy clearly follows the 
wavelength/potential energy relationship established by Mouschovias. 
By drawing an analogy to the way in which the Dungey and Mouschovias equilibria 
are related, we suggest that the sheared equilibria of LM are representative of the general 
structure of stable 2D sheared configurations, possessing longer wavelength undulations and 
lower energy. We wish to emphasize the point that 2D states possessing sheared magnetic 
field lines may be formed from a planar state when the plane of variation of the 2D state 
is rotated away from the field lines. In this case, the displacements to the planar state 
are of a mixed mode, a combination of undulating and interchange modes, with a shearing 
displacement required to arrive at the 2D equilibrium state. 
The shear solution demonstrates the basic physical effect that in order to maintain equi-
librium, longitudinal flux must be redistributed by shearing displacements and accumulate 
in crests of the undulating magnetic field. The shear solution is ideal for such a demonstra-
tion because it possesses a sequence of field lines whose crests rise ever higher and become 
increasingly sheared as the separatrix is approached. The Parker instability (Parker 1966) 
predicts how plasma may accumulate in the valleys of an undulating magnetic field; here 
we show how the longitudinal flux accumulates in the crests. Such shearing is quite general 
to 2D systems, and is to be expected any time field loops expand at an acute angle to the 
direction of invariance. 
The longitudinal flux preferentially accumulates in the more distended loop crests where 
its buoyancy will prove difficult for the downward magnetic tension force to offset. Such an 
accumulation of flux may be applicable to rising inverted U-loops in the solar atmosphere 
which may lose equilibrium by an over-accumulation of longitudinal flux through the action 
of shear Alfven waves. 
By generalizing the process by which the shear equilibria are formed from a planar state, 
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we may explain the appearance and behavior of sheared magnetic structures observed in the 
solar chromosphere. For example, the field becoming parallel to the direction of invariance 
in the shear solution is comparable to the observation that the field of prominences becomes 
aligned with the magnetic-polarity inversion as the field approaches the inversion line (Foukal 
1971). As importantly, the shearing flows associated with flux emerging regions (e.g. see 
Brants and Steenbeek 1985 and Strous et al. 1996) are consistent with nonlinear shear 
Alfven waves equilibrating the longitudinal component of the magnetic field as it expands 
and attempts to maintain force-balance in the direction of invariance. The equilibrium 
solution of LM that we have studied is ideal for demonstrating the effect of line-shearing in 
response to 2D symmetric displacements, since it possesses field lines having an infinite and 
continuous range of deformation from the planar state. 
61 
Chapter 4 
The Role of Nonlinear Alfven Waves 
in The Formation of Shear 
Emerging Flux Regions 
4.1 Introduction 
• Ill 
It is believed that magnetic fields are amplified at the base of the solar convection zone until 
they reach sufficient strength for their buoyant rise to the surface to produce EFR's (Caligari 
et al. 1995). At the photosphere, an EFR is composed of equal amounts of magnetic flux of 
opposite signs that are separated by a relatively well defined line referred to as the polarity 
inversion line, or the magnetic neutral line. When observed in Ha, such EFR's appear as 
systems of filamentary arches composed of dense plasma which is moving upwards at the 
center of the arches and flowing down at the outer edges. These observations are interpreted 
as plasma being carried on loop-shaped magnetic field lines that rise into the chromosphere 
from photospheric footpoints of opposite magnetic polarity. As plasma is carried up at the 
center of the magnetic loops, it simultaneously drains down the legs of the loop. 
Numerical simulations have been successful at modeling these ascending magnetic loops 
by treating the nonlinear MHD development of purely undular modes of the Parker instability 
that arise (Parker 1966) in planar magnetic layers placed just below the photosphere (for 
examples, see Shibata et al. 1989a; Shibata et al. 1989b; and Shibata et al. 1990). Such 
simulations are limited by numerical resources to addressing near surface magnetic fields. It 
remains unknown how far these loops extend below the photosphere. They may go all the 
way to the base of the convection zone, or, as is more commonly believed, the flux loops may 
be the portion of an isolated flux rope that protrudes above the photosphere. 
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An important and unexplained feature of EFR's is that as the magnetic flux emerges at 
the solar photosphere, it nearly always exhibits a shearing motion (Zirin 1983; Kalman 1984; 
Brants and Steenbeek 1985). This motion takes the form of magnetic elements of opposite 
polarity moving parallel to the neutral line but in opposite directions (Strous et al. 1996; 
Strous and Zwaan 1999). The shearing tends to be most rapid just as the flux first emerges 
at the photosphere, and persists for several hours, in a state of steady decline (Harvey and 
Martin 1973; Zhang 1995). Although shearing motion exists throughout the EFR, it is most 
intense near the neutral line, and decreases in magnitude with distance from the line. A 
similar opposed velocity pattern can be found in the chromosphere and transition region 
above the photospheric neutral line. For example, Dopplergrams made in C1v lines observed 
during the Solar Maximum Mission clearly demonstrate velocity shear in the transition region 
over the photospheric neutral lines (Athay et al. 1985), as do Dopplergrams made of the 
chromosphere in the Ha and Cau (Malherbe et al. 1983). 
Because the magnetic field is frozen into the plasma under the condition of high electrical 
conductivity, the magnetic field must move with the plasma flow to evolve to a sheared 
configuration. Sheared fields are geometrically characterized by a significant component 
parallel to the neutral line, in contrast to a potential field that would arch perpendicularly 
over the neutral line. There are plentiful observations that show that the magnetic field 
of bipolar active regions is significantly sheared. Chromospheric features such as fibrils 
and Ha loops that are located near, or overlying, photospheric bipolar active regions, are 
indicative of magnetic shear (Foukal 1971). The most compelling evidence of magnetic shear 
at the photospheric levels is provided by direct measurements of all three magnetic field 
components made with vector magnetographs, such as reported in Hagyard et al. (1984) 
and Wang et al. (1994). Comparison between vector magnetograms and Ha images shows 
that the direction of photospheric magnetic field largely coincides with the orientation of 
fibril structures (Zhang 1995). 
The formation of sheared magnetic fields is worthy of interest in its own right but is 
much more significant given the fact that many energetic phenomena are associated with 
sheared magnetic neutral lines. Flares are most frequently found to occur at magnetic neutral 
lines and, in particular, along neutral lines that are characterized as being highly sheared 
(Hagyard, Moore, & Emslie 1984; Zhang 1995). Furthermore, shear at the photospheric 
neutral line is observed to persist during and after flares (Hagyard et al. 1984; Wang et 
al. 1994), which suggests that flares may not relieve shear at the photosphere, or that the 
shear lost during a flare is rapidly replenished. It is also not coincidental that such flares 
are associated with filaments, which are known to form only along sheared magnetic neutral 
lines (Zirin 1983). In addition to a filament, there often exists a large-scale helmet-streamer 
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over the neutral line, a coronal stru~ture composed of a high density dome surrounding an 
underlying cavity. This three-part structure may be stable for weeks, but eventually swells 
and suffers a disruption that is observed as a CME in scattered white light (Hundhausen 
1998; Howard 1999). The buildup of magnetic shear is essential for these energetic events, 
and for this reason, it is of fundamental importance to understanding solar activity. 
No definitive theory yet exists to explain the shearing motions in EFR's. However, a phys-
ical origin for field-line shearing may be found in the recent analytical work of Manchester & 
Low (2000). Using the magnetostatic solutions of Low & Manchester, (2000) (hereafter re-
ferred to as LM) the authors demonstrated that a continuous sequence of equilibrium states 
can be constructed to represent a quasi-static evolution from a simple unsheared planar 
state to a 2D periodic system of undulating field lines that grow increasingly sheared with 
the height of the undulations. The reconfiguration of the system is produced by ideal MHD 
displacements that combine undular and interchange modes, as well as shearing displace-
ments to ensure force balance out of the plane of variation during the quasi-static evolution. 
A brief description of the LM family of solutions is made in section 4.2. 
This quasi-static evolutionary sequence of Manchester & Low motivates the physical 
purpose of this chapter, which is to determine whether magnetic buoyancy may naturally 
drive a system to a similarly highly sheared configuration. To this end, we have performed 
time-dependent MHD simulations of nonlinear mixed-mode instabilities developing out of 
the LM equilibria treated as initial states. For the purpose of modeling EFR's we place 
the undulating magnetic layer 2-3 pressure scale heights below an atmosphere that increases 
in temperature to roughly model the chromosphere and corona. The numerical simulations 
using these initial states are significant for two reasons. First, the 2D initial states are locally 
sheared, although they have 'zero total magnetic helicity (Manchester & Low 2000). Second, 
the numerical simulations are two-and-a-half-dimensional (2.5D), in which there are velocity 
and magnetic fields out of the plane· of variation. The distinction between 2.5D and 2D 
simulations is significant because pure Alfven waves are allowed in 2.5D case, rather than 
just the modified slow and fast waves that are permitted in 2D simulations. Noteworthy 2.5D 
simulations are those of Cattaneo et al. (1990), which model instabilities in sheared magnetic 
layers involving both undular and interchange modes. That work differs from earlier 2D 
simulations devoted to pure interchange modes (Cattaneo and Hughes 1988). More recently, 
3D simulations of the buoyant instabilities of planar magnetic layers have been published 
(Matsumoto 1993); these demonstrate mixed interchange- and undular-modes. However, 
shearing motions are not a subject of investigation in that interesting work. 
Through our simulations, we will illustrate the spontaneous and dynamic shearing be-
haviors of ascending magnetic loops that occur as they expand into the atmosphere. The 
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shearing arises from the nonlinear .interplay of undular-and interchange-modes that distort 
the magnetic field to produce a component of the Lorentz force in the direction of invariance. 
Because of the 2D geometry of the system, neither pressure gradients nor gravitational forces 
can restore force balance in the invariant direction. Consequently, large-amplitude shear 
Alfven waves are driven by the tension force to transport magnetic flux from the shear layer 
into an expanding magnetic loop. As we will see later, these simulations can explain obser-
vations of shearing motions in solar EFR's, and the development of a strong axial component 
found in filaments. 
The results of six different simulations are presented in section 4.3, each designed to 
illustrate specific aspects of shear Alfven waves during the growth of the mixed-mode buoy-
ancy instability. In particular, we will show how the Alfven waves greatly effect the growth 
of the buoyancy instability. In section 4.4, we compare our simulations with velocity- and 
magnetic-field ob~ervations at several heights in solar EFR's. Finally, we conclude in sec-
tion 4.5 with a general discussion of our work in terms of its physical significance, its relation 
to observed solar active regions, and the limitations imposed by the numerical model used. 
4.2 Governing Equations of MHD, and Mathematical 
Models 
To model buoyancy instabilities discussed herein we assume that the system is composed 
of magnetized plasma that behaves as an ideal gas. The plasma is taken to have infinite 
electrical conductivity so that the magnetic field is frozen into the plasma. The gravitational 
~cceleration, g, is constant in the negative z direction [we use Cartesian coordinates (x, y, z)]. 
With these assumptions, the evolution of the system is governed by the following ideal MHD 
equations: 
a p + \7 . (pv) = 0 
at 
p ( ~: + (v · \7)v) = -\7p + 4~ (\7 x B) x B - pgz 
ae 
at + \7. (ev) = -p(\7. v) 
p = (r- l)e 
aB at = \7 x (v x B) 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
where pis the mass density, pis the plasma pressure, e is the internal energy density (per unit 
volume), v is the velocity field and B is the magnetic field. The simulations are invariant in 
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the x direction so that (%x) = 0. However, we allow for non-zero velocity and magnetic field 
components in all three directions. Case studies are made for which the polytropic index, /, 
is of the values/= 1 and/= ~-
4.2.1 Sheared magnetostatic atmospheres of LM 
To simulate the nonlinear buoyancy instabilities exhibited by a magnetic layer of finite 
thickness we use the LM family of magnetostatic isothermal atmospheres as initial states. 
These equilibria are 2D analytic solutions to the force balance equation 
:7r (\7 x B) x B - \7p - pgz = 0 . (4.6) 
They are particularly versatile as initial states because any given amount of magnetic flux 
may be freely distributed over a system of field lines that are of fixed geometry. This freedom 
allows us to choose equilibria possessing a magnetic field that is spatially finite in vertical 
extent, while the lines of force extend indefinitely in the horizontal y direction. The freedom 
in prescribing the flux distribution also allows us to determine where, and to what degree, 
our initial states will be unstable by suitable choices of the flux distribution. 
Members of the LM family are characterized by a semi-infinite layer of undulating mag-
netic field lines, above which lies a periodic array of field lines that are in the form of U-loops 
that extend to z --+ oo'. For the purpose of our simulations, we will eliminate the U-loops 
from our model atmosphere and substitute a field-free plasma. Each solution is periodic in 
y and so the size of the computation domain is chosen to accommodate integer numbers 
of Fourier cells. These equilibrium states offer advantages over simpler planar equilibria in 
that we can study the nonlinear interaction of multiple Fourier cells during the development 
of the instability. Furthermore, the undulations in this 2D state provide free energy that 
promotes the growth of the buoyancy instability. 
We will briefly describe the physical structure and mathematical form of the LM solu-
tions, more complete derivations and descriptions of these solutions can be found in Low & 
Manchester (2000) and Manchester & Low (2000). For atmospheres depending on only the 
two coordinates y and z, the magnetic field can be written in terms of two scalar functions 
A and Bx, 
B = (Bx,~~, - ~~) . (4.7) 
This form automatically satisfies Maxwell's equation \7 · B = 0. 
Solutions to equation ( 4.6) for 2D atmospheres have the property that Bx is strictly a 
function of A. Force balance along the field lines, subject to the ideal gas law and isothermal 
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condition, 
k 
p= -pTo, 
m 
requires that the plasma pressure be of the form 
p = P( A) exp ( - ~) 
(4.8) 
(4.9) 
Here m, k, and T0 are respectively, the mean molecular mass, the Boltzmann constant, 
and the constant temperature, in terms of which the pressure scale height takes the form, 
H.= kTo/gm. 
With no loss of generality, A may be redefined as a function of a single variable <fa(y, z) 
so that equation ( 4. 7) takes the form 
( dA 8¢ dA 8¢) B = Bx(<fa), d</J 8z' - d</J 8y · (4.10) 
With this construction, the contours of <P represent the field lines projected on the y - z 
plane, bearing in mind that Bx =/= 0. Defining A = A( <fa) allows us to write Bx and P as 
functions of </J. If the profiles for A(<fa), Bx(<P) and P(<P) are known, then the component of 
the vector equation ( 4.6) which is in the y - z plane, and perpendicular to the field lines, 
may be cast into a nonlinear partial differential equation that determines <fa in terms of y 
and z 
(4.11) 
For the LM solution a different approach is taken to solving this equation, which is similar 
to the treatment of Dungey (1953). We use a flux coordinate, </J, that is of a special form, 
<fas= exp (- ~) +cos(~) . (4.12) 
which reduces equation (4.11) to a self-consistent system of ordinary differential equations 
governing As(<Ps), Bx(<Ps) and P(<Ps) with <fas as the independent variable. These equations 
are then directly integrated to yield the following expressions for Bx(<Ps) and P(<Ps) in terms 
of <fas and (dA/d<fas): 
(4.13) 
(4.14) 
where A and P0 are constants of integration. The LM solution also has the special property 
that for a fixed form of <Ps(Y, z), As(<Ps) may be freely chosen to prescribe the density of field 
lines. 
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For the purpose of modeling buoyancy instabilities from a magnetic layer of finite thick-
ness, we restrict our interest in the LM solution to the sub-class for which A= 0 in equation 
(4.13). Examination of equations (4.10) and (4.13) reveals that for solutions of this type, all 
three components of the magnetic field depend on the flu~ function As ( <P) by being directly 
proportional to A~ ( <P). Thus, the magnetic field lines are fixed by the assumed form of <P and 
remain common to all solutions for which A= 0. Since a nonzero field component exists in 
the direction of invariance, it is necessary to display the system as observed from a point of 
view other than the plane of variation in order to represent fully the field line geometry. In 
this case, it is informative to view the system from the z axis, which projects the magnetic 
field onto the x - y plane. The streamlines for the LM solution in the x - y plane may be 
written as 
(4.15) . 
where xo is a constant of integration. This solution is valid provided 0 < y < 27r H. Beyond 
this range one must choose appropriate values for the constant of integration to keep the 
field lines continuous as multiple periods of y are crossed. 
4.2.2 Planar magnetostatic atmospheres 
To help understand the effects of the 2D initial states, we offer a comparison with a simulation 
employing a planar equilibrium state that has the special property that it possesses ideal 
MHD invariants that are identical to those of the chosen LM solution. In addition, the planar 
state also possesses the same magnetic, gravitational and thermal potential energy of the 2D 
state. These equilibria give us an opportunity to study the evolution of a single system (as 
defined by the MHD invariants), set in two distinct equilibrium configurations, and given the 
same perturbation. As shown in Manchester & Low (2000), the sheared undulating solution 
of LM may be arrived at by ideal MHD displacements to a planar state. In keeping with the 
notation of the LM solution, the initial planar field is defined as 
B _ dA _ dAd<P 
Y - dz - d<P dz 
where the flux coordinate takes the form 
The remaining field components for the planar state are Bx = - By and Bz = 0. 
(4.16) 
( 4.17) 
Any choice of A= Ap(<P) generates a solution to the force-balance equation (4.6), provided 
that P(<P) has the same form as the LM solution given by equation (4.14). The magnetic 
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field for the planar solution has a magnitude .J2<I>A~(<I>), and points in a uniform horizontal 
direction that lies 45 degrees clockwise from the y axis. We choose Ap = As so that the 
LM and planar states used as initial states possess identical values for the invariants of ideal 
MHD (Manchester & Low 2000). 
4.2.3 Initial Conditions 
For the simulations to be presented, we choose the following functional form of the flux 
profile, 
(4.18) 
This particular choice of As(<l>s) produces physically desirable features in the initial state. 
First, it allows the magnetic field to go smoothly to zero on the line <l>s = ¢0 , so that on 
this line we can match the solutions to a field-free atmosphere above. The form of As ( <l>s) is 
associated with a field strength that falls off rapidly with depth, so as to become insignificant 
a few pressure scale heights below the upper most field line. This construction spatially 
isolates the magnetic field in a layer placed away from the upper and lower boundaries 
of the computational domain, which, in turn, minimizes the boundaries' influence on the 
nonlinear dynamics modeled in the simulations. Second, by choosing ¢0 > 1, we also remove 
the U-loops of the LM solution, leaving a state with _only undulating field lines that are 
topologically equivalent to the planar state. 
With the prescribed flux profile, the LM solution takes the following form: 
B = B (<Ps - <Po) J,1,2 - 1 
x 0 </J~ 'f/s (4.19) 
( 4.20) 
(4.21) 
(4.22) 
The planar state, which possesses the same invariants of LM solution, takes the form 
(
<I> - <Po) By= -Bx= Bo <I> 2 (4.23) 
while the plasma pressure defined by P(<I>) takes the form of equation (4.22), with </>now 
defined as <I> = exp(-z). 
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The parameters chosen to specify the isothermal LM and planar solutions for all simu-
lations presented here are as follows: <Po = 1.8, B0 = 6.0 x 105 Gauss , T0 = 6.0 x 103 K, 
p0 = 3.3 x 10-5 g/cm3 , g = 2.734 x 104 cm/s2 and m = l.3mh where mh is the molecular 
weight of hydrogen. For this choice of parameters, the minimum plasma f3 of the magnetic 
layer is approximately 0.35, with very slight variation between the LM and planar states. , 
From here on, we measure the units of length, time and velocity in terms of H, 'T = H /Cs and 
c8 • For this choice of parameters, the characteristic scales have the values, H = 1.40 x 107 
cm, 'T = 22.6 seconds and Cs= 6.18 x 105 cm/s. 
For all our model atmospheres, the magnetic field is contained in an isothermal plasma 
that extends from the bottom boundary of the computational domain placed at Zmin = 
-6.0H, to a height of z = 2.0H. For the simulations with 'Y = 1, the field-free atmosphere 
above the layer is also at 6000 K and extends to a height of z = 43H. In the case that 
'Y = ~' a temperature-stratified field-free atmosphere is established to model roughly the 
solar corona-chromosphere system. Here, the temperature increases linearly from 6000K, and 
reaches a value of 4.5 x 104K at z = 25H, which represents the temperature increase of the 
chromosphere. The temperature then increases at a steeper rate, reaching 2.0 x 105K at z = 
29H, representing the transition region. Finally, the temperature increases to approximately 
3.0 x 105K at the upper boundary of the domain placed at z = 107 H. 
4.2.4 Stability of the planar state 
Determining the stability of plane-stratified magnetostatic atmospheres presents a much 
more tractable problem than do 2D equilibria. Consequently such planar states have re-
ceived much attention since the 1950's (see Chandrasekhar 1952, Newcomb 1961, Parker 
1966, Gilman 1970, Thomas 1983). Newcomb treated th~ stability of equilibrium states with 
nonuniform horizontal magnetic fields, and first arrived at the condition that is both nec-
essary and sufficient for stability against all displacements. The condition may be written 
as 
dp p2g 
-->-dz 'YP' 
(4.24) 
where g is uniform, and both p and p are modified by the presence of the magnetic field. For 
an isothermal atmosphere the condition for stability may be written as 
d (B2 ) ('Y - 1) dz 811' >-pg -"!- · (4.25) 
Finally, for our purposes, we may write the above inequality for the planar atmosphere in 
terms of<[> with the use of equations (4.17), (4.22) and (4.23). 
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(4.26) 
From this expression we see that stability is ensured provided that the magnetic pressure 
does not decrease more rapidly than a critical rate determined by -pg("! - 1)/"f. In the 
case that 'Y = 1, the planar atmosphere is unstable in the region where the magnetic field 
decreases with height. If we evaluate the stability for the case 'Y = ~ by substituting the 
form of the flux profile expressed in equation (4.18) into equation (4.26), we arrive at a less 
stringent criterion for stability, 
13 <I>2 27 <I>"' 46 "'2 4n Po <I>5 3 - 2 'f'O + 5'f'o + B5 > 0. (4.27) 
Figure 4.1 is a plot of the stability criterion as given by equation (4.27) as a function of 
z (units on left axis) and the magnetic field strength (units on right axis). For 'Y = 1, the 
system is unstable for the region where dB/ dz < 0, which occurs for - l.28H < z < -0.58H . 
For 'Y = ~, the plot of equation ( 4.27) reveals that the system is unstable for smaller region 
-0.87H < z < -0.69H, which is only~ as thick as the unstable region when 'Y = 1.0 . 
Although determining the instability of an atmosphere from equation ( 4.24) is straight-
forward, finding the particular modes of instability and their associated growth rates for the 
planar and LM equilibria are problems outside of the scope of this analysis. To determine 
growth rates in our simulations, we calculate log10 of the total kinetic energy and plot it 
as a function of time as depicted in Figure 4.2, which displays individual panels for the six 
models. All models show a similar pattern of energy growth which begins as a slow growing 
oscillation, followed by period of steep linear growth, which saturates and then begins to 
decay. The reason for this behavior is that the velocity perturbation we have prescribed 
does not coincide with one particular mode of the system. Rather, the perturbation excites 
many different modes simultaneously, each possessing different growth rates. In fact, some 
of the initial energy is distributed over stable modes of the system that are seen as waves 
propagating across the layer in the early part of the evolution. With sufficient time, a single 
mode that possesses the shortest e-folding time dominates the evolution of the system. The 
dominance of this mode corresponds with the rise of a loop from the magnetic layer. Within 
each frame of Figure 4.2, we list thee-folding time (eft) measured for the given model. 
4.2.5 Numerical procedures and boundary conditions 
The simulations detailed in this chapter were performed with the ZEUS-2D code, which 
is made available to the astrophysical community from the Laboratory for Computational 
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Figure 4.1: The magnetic field strength as a function of height is shown plotted as a solid 
line. This plot shows the planar initial state, and the LM solution at a point halfway between 
the crests and valleys of the field undulation. The dashed line shows the stability criterion 
for the planar atmosphere plotted as a function of height for 'Y = ~. The magnetic layer is 
unstable in the narrow region where the dashed line dips below zero. 
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Astrophysics (LCA) at the National Center for Supercomputing Applications (NCSA). De-
veloped by M. Norman and J. Stone (1992a,b,c), the ZEUS-2D code explicitly solves the 
equations of ideal (non-resistive, non-viscous, adiabatic), non-relativistic MHD, including 
applied and self gravity, as well as radiation transport. ZEUS-2D is an Eulerian finite 
difference code that uses the method of characteristics to resolve, and properly advect, mag-
netic tangential discontinuities, while shocks are resolved with the use of artificial viscosity 
(Richtmyer and Morton 1967). The code employs a piecewise parabolic interpolation method 
(PPM) applied to a monotonic upwind advection scheme to give very precise material ad-
vection. This advection technique is one aspect of the operator splitting employed by the 
ZEUS-2D code where the advection (transport) and body forces (source) terms in a given 
equation are handled independently. The tests and accuracy of the ZEUS-2D code have been 
described in Stone and Norman (1992a), Stone and Norman (1992b) and Stone, Mihalas and 
Norman (1992). 
The grid configuration for all simulations is Cartesian, with non-uniform spacing in the 
vertical direction chosen to provide high resolution of the magnetic layer, while a much 
sparser distribution is applied to the upper atmosphere. To be exact, there are (for all 
simulations) 30 points in the interval -6.0H < z < -3.6H, 70 points between -3.6H < z < 
.36H and 150 points between .36H < z < 107 H. In the last interval, the distance between 
successive points expands by a factor of 1.01 with the largest zone at z = Zmax· Grid spacing 
in the horizontal direction is uniform with the number of grid points is set at 200. The only 
exception is for a simulation spanning a distance of 207r H in the horizontal direction, for 
which we use 300 grid points. We assume periodic boundaries for y = Ymin and y = Ymax 
and free (out flow) boundaries for z = Zmin and z = Zmax which effectively allow waves to 
exit the system. 
4.3 Results of Numerical Simulations 
In this section we present the results of six 2.5D numerical simulations that are designed 
to illustrate the characteristics, and significance, of shear Alfven waves during the nonlinear 
growth of mixed-mode buoyancy instabilities. Apart from modeling the instabilities with 
two different values of polytropic index ('y = 1, 'Y = ~), and and two varieties or'initial state 
(2D and planar), the simulations also differ in width of the computational domain, velocity 
perturbation, and artificial suppression of motion out of the plane of variation. The purpose 
of the first simulation (Model 1) is to demonstrate in great detail the properties of shear 
Alfven ·waves induced during the buoyant rise of a single magnetic loop from the magnetic 
layer. The Model 2 is conducted with the purpose of studying the nonlinear interaction of 
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Figure 4.2: The log (base 10) of the kinetic energy is shown as a function of time (units 
of T) for all six models. During each simulation, there is a period of time in which the 
energy grows nearly exponentially and the energy curve is straight, from which we deduce 
the e-folding time for the energy growth. 
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two loops rising from a common magnetic layer. Model 3 is identical to Model 2 except that 
'Y is now chosen to equal 1 rather than ~. 
To treat equations (4.1) through (4.5) for Models 1, 2, 3 and 6, we compile ZEUS-2D 
strictly for MHD using the rotation option to evolve Vx, which allows for motion out of the 
plane of variation. Models 4 and 5 are identical to Models 2 and 3 respectively, except that 
we compile ZEUS-2D without the rotation option, so that shear Alfven waves are prohibited. 
Comparisons between models with and without Alfven waves graphically illustrate the degree 
to which the waves enhance the growth of the buoyancy instability. For Model 6, the initial 
state possesses a planar magnetic layer with the same ideal MHD invariants as the 2D state 
used in Models 2 through 5. Finally, we perform two additional simulations that demonstrate 
the significance of the physical extent of the magnetic layer on the growth of the buoyancy 
instability. These simulations are identical to Model 1 except that the initial states contain 
six and ten Fourier cells respectively. These simulations are not described in detail; however, 
magnetic arcades that form in these simulations are shown in Figure 4.12. 
4.3.1 · Model 1: LM solution, 4 cells, 'Y = i 
For Model 1, the initial state contains four Fourier cells of the LM solution in the interval 
0 < y < 87r H. Instabilities of the system are initiated by a velocity perturbation imposed 
on the magnetic layer, of the form 
Vz = v0 cos ( 2~) exp (-lz ~zel) (4.28) 
Here the amplitude is v0 = 0.08c8 , and Ze is chosen so that the perturbation is centered 
vertically on the top magnetic field line of the atmosphere. The imposed velocity is set to zero 
outside the finite horizontal domain (Ye -'Tr H) < y < (Ye +7rH), where Ye= (Ymax -Ymin)/2. 
When perturbed, the kinetic energy of the system grows exponentially with an e-folding 
time of 3. 77 A for a period of 157 A, at the end of which time the kinetic energy begins to 
saturate to a nearly constant value. The evolution then continues in the nonlinear regime 
for time spanning 807A, which ends when the single expanding loop separates, by magnetic 
reconnection, from the magnetic layer to form an isolated flux rope. 
Figure 4.3 shows the time evolution of the magnetic field and the velocity field in a 
sequence of frames fort =0, 33.6, 44.2, 66.4, 88.5, and 110.0 in units of 7 = c8 / g. Row (a) 
depicts the magnetic field, projected on the y - z plane, as black lines superposed on a false 
color image of the angle between the magnetic field and the plane of variation. The first 
frame of row (a) shows the initial state in which the magnetic field, which, on average, points 
in a horizontal direction 45 degrees away from the plane of variation as shown in Figure 3.2. 
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As the instability progresses, the magnetic field goes from a configuration of 4 crests at 
t = Or, to a configuration of 2 larger crests at t = 33.6r, and finally, to a configuration 
possessing a single large loop at t > 66.4r, while only a vestige remains of the three other 
field crests which have collapsed by then. The color representation of the field angle shows 
that as the magnetic loop rises, it becomes increasingly sheared near the center of the loop. 
The shear angle reaches a maximum value of 80 degrees in the field crest at t = 33.6r, and is 
even more sheared at t = 44.2r and 66.4r. By t = 88.5r, the rising loop begins to separate 
from the layer by field line reconnection resulting from oppositely directed field lines in the 
legs of the loop pinching together. This reconnection process is controlled by numerical 
diffusion, which may be interpreted to mimic resistive magnetic reconnection characterized 
by a magnetic Reynolds number of Rm = 150 - 200. The final frame in row (a) shows a 
nearly isolated flux rope in which the field is highly sheared near the center, while the outer 
field lines are nearly confined to the y - z plane. 
Row (b) of Figure 4.3 shows the field topology of a single magnetic line of the dynamically 
evolving system, as seen projected on the y-z plane in blue, and projected on the x-y plane 
in red. The particular line can be found to pass through the point y = 0, z = -1.0 x 107 cm 
of the initial state. This time sequence of the field line, projected on the x - y plane, shows 
in a graphic manner how the line is sheared, and drawn nearly parallel to the direction 
of invariance in the rising loop. At the same time, the portion of the field line that is in 
the magnetic layer becomes nearly perpendicular to the direction of invariance. The rising 
loop extends indefinitely in the x direction, and so takes the form of an arcade that grows 
increasing sheared. At times t = 44.2, 66.4 and 88.5 r, the field line projected on the x - y 
plane take on a distinctive sigmoid shape. The dynamic shearing of this single field line is 
comparable to the increased shear seen in the static field lines of the LM equilibrium state 
(Figure 3.2) that occurs as</>~ 1, and the field lines undulate with increasing amplitude. The 
last frame of row (b) shows the transition from a highly sheared sigmoid shaped field line to a 
virtually unsheared line in the magnetic layer. In this case, the magnetic field has undergone 
magnetic reconnection to form a flux rope, and in the process, shear is largely removed from 
the original magnetic layer. Notice that field lines below the point of reconnection remained 
sheared. 
Row (c) of Figure 4.3 shows the velocity of the plasma located on the field line depicted 
in row (b). The vertical (vz) component is shown in magenta, and the shear (vx) component 
is shown in green. The vertical velocity shown here is comparable to previous simulations of 
the Parker instability in which the deformation of the field lines is purely undular (Shibata 
et al. 1989a; Shibata et al. 1989b ). In this case, the velocity shows expansion near the loop 
crest, and downflow along the sides of the loop. The downflow velocity exceeds the sound 
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Figure 4.3: Results for Model 1, the buoyancy instability of an LM solution of 4 cells with 
'Y = ~. Depicted is an evolutionary sequence of system for times t =0, 33.6, 66.4, 88.5, and 
110.0 in units of T = c8 / g. Row (a) shows the field lines projected on the y - z plane in 
black and the angle between the longitudinal and transverse components is shown in false 
color. Row (b) shows a single field line of the system as seen projected on the y - z plane in 
blue and projected on the x - y plane in red. The field line in this case passes through the 
pointy= 0 and z = -1.0 x 107 . Row (c) shows the velocity of the plasma located on the 
field line depicted in row (b). The vertical (vz) component is shown in magenta while the 
shear ( vx) component is shown in green. 
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speed of the nearly stationary plasma with which the falling plasma impacts at the base of 
the loop resulting in slow MHD shocks that propagate to the top of the loop over the time 
period t = 53r to t = 62r: As the shock moves over the loop, it·heats the entire structure 
to a temperature of 2.0 x 104 K. The sequence of ( vx) images shows that the shearing of the 
loop is highly impulsive, occurring at high velocity for a relatively short period of time. The 
greatest shear velocity occurs in the legs of the loop where Vx reaches a maximum of 2c8 
at t = 44.2r, exceeding the downfiow velocity of the plasma along the field line. Impulsive 
shearing of the field lines takes place as long as the magnetic loops are rapidly expanding. 
4.3.2 Analysis of shear Alfven waves in Model 1 
It is clear from Figure 4.3 [particularly row (b)] that the magnetic field becomes increasingly 
sheared at the field crest as it rises to greater heights, and less sheared in the magnetic 
layer on either side of the loop. Here, we describe the magnetic shearing quantitatively and 
explain the reason for it with simple physical arguments. To begin, it is important that 
we explicitly define the magnetic field components as they apply to both the simulations 
and magnetograms taken of the sun. We will always use the terms "longitudinal" and 
"transverse" to apply to field components as they are observed at the solar limb, which 
corresponds to the plane of variation of our 2.5D simulations. In this case, the longitudinal 
component is parallel to the direction of invariance in the simulations, and is denoted as 
Bx. In the solar context, this field component is along the solar surface and is parallel to 
the magnetic neutral line. The transverse component is in the plane of variation of the 
simulation and its magnitude is given by Br = J B~ + B;. 
It is instructive to examine the strengths of the longitudinal and transverse field com-
ponents along a field line during the evolution of the instability. Figure 4.4 shows the time 
evolution of the magnitude of the longitudinal (dashed line) and transverse (solid line) com-
ponents of the field line previously shown in row (b) of Figure 4.3, at t =0, 33.6, 44.2, 66.4, 
88.5, and 110.0 r. At t = 0, the transverse field varies periodically in strength, being stronger 
in the valleys and weaker in the crests of the undulating magnetic field. The longitudinal field 
is of a constant value which is equal to the average strength of the transverse component. 
As the instability develops, two magnetic crests of the original four grow in size producing 
two large dips in the transverse field strength as shown by the solid line of Figure 4.4 at time 
t = 33.6r. The longitudinal field at this time has dropped everywhere along the line from its 
initial value, and shows a minimum in strength in the central expanding crest. The plots at 
t = 44. 2r and t = 66.4r show increased strengthening of the transverse field in the magnetic 
layer and weakening in the now single growing loop. The longitudinal field in the loop attains 
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Figure 4.4: The magnitudes of the longitudinal and transverse field components for Model 
1 are plotted as functions of horizontal distance, and are shown as dashed and solid lines 
respectively. The field strengths apply to the same isolated field line shown in rows (b) and 
(c) of Figure 4.3 at the times, t = 0, 33.6, 44.2, 66.4, 88.5 110 T. The plots clearly illustrate 
the non-local versus local time evolution of the longitudinal and transverse components 
respectively. 
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a uniform value which is weaker than in the adjacent layer at t = 44.27, and then stronger 
at t = 66.47. By t = 88.57, the loop has reached its maximum size and is approaching force 
balance prior to the onset of the numerically induced, resistive instability. At this time, the 
longitudinal component has attained a uniform value along the entire length of the field line, 
a condition like that of the initial state, only now the field is much weaker. The final plot 
in the series depicts the field strengths on the portion of the field line left in the magnetic 
layer after reconnection. 
During the time evolution of the instability, the transverse field behaves much as one 
would expect from the expansion and compression field lines in the y - z plane. However, 
the longitudinal field behaves much differently. Rather than becoming weak in the loop and 
strong in the valleys, it tends instead to evolve to a constant value along the field line. The 
reason for this behavior of the longitudinal field is intriguing, and is a consequence of the 
Lorentz force, and the nature of force balance in the direction of the invariance. Our system 
possesses 2D variations and a field component Bx along the ignorable coordinate. If we look 
at the x component of equation ( 4.6), we note that the only force results from the bending 
of magnetic field lines and may be written as 
(4.29) 
Clearly, for there to be no force out of the plane, Bx must be a constant along a field line. 
This result is an unavoidable property of 2D magnetostatic configurations, possessing a field 
component along the direction of invariance. If Bx is not constant along a field line, then 
the unbalanced Lorentz force will cause shearing motions in the direction of invariance. 
Examination of the induction equation demonstrates how such shearing motions affect 
the longitudinal component of the field, Bx, when the system is out of equilibrium. The 
induction equation is 
8B 
at = V' x (v x B) (4.30) 
of which the x component may be written as 
8Bx 8 8 
at+ V' · (Bxv) = ay (vxBy) + az (vxBz) (4.31) 
The left-hand side of equation ( 4.31) expresses the continuity of Bx as it is advected in the 
y - z plane. The right-hand side of the equation can be thought of as a source term which 
results from the shearing of the transverse field in the x-direction. 
In the simulation of the instability, the plasma motion associated with the rising loop not 
only bends the transverse field, but also advects the longitudinal component, Bx. Such an 
expansive motion weakens the longitudinal field in the loop as seen in Figure 4.4 (t = 33.67). 
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The gradient in Bx results in a Lorentz force in the direction of invariance that drives large 
amplitude shear Alfven waves. In this way, motion in the plane of variation induces a tension 
force to drive motion out of the plane. Figure 4.3 (row c) clearly shows the large velocity 
amplitude that the shear Alfven wave attains while the loop is rising. The shearing motions 
transport longitudinal flux from the magnetic layer into the expanding loop, and act to 
return Bx to a constant along field lines as seen in Figure 4.4 (t = 88.5r). In this way, the 
system returns to a state of force balance in the x direction. 
The plasma shear velocity is zero at the center of the magnetic loop, which is consistent 
with the zero derivative of the longitudinal field at that point. For the Lorentz force in the 
±x direction, the sign corresponds with the sign of the gradient in Bx as one moves right 
to left in the direction of the transverse field. Upon examining shear velocity in Figure 4.3 
and the longitudinal field strength in Figure 4.4, one finds the velocity and the direction of 
Lorentz force are pointing in opposite directions at t = 44.2r. The reason for this is that 
momentum of the plasma causes the shearing displacement to overshoot to such an extent 
that Bx is caused to change direction in the magnetic layer at t = 44.2. The system then 
rebounds and the shear velocity then changes signs accordingly, which can be seen in the 
loop at t = 66.4r. The oscillation in the shear velocity has a period of 26r and persists for 
two full periods before magnetic reconnection severs the loop from the layer. 
During the evolution of the system, a significant amount of longitudinal flux is transported 
from the magnetic layer into the expanding loop by the shear Alfven waves. To measure this 
effect, we integrate the longitudinal flux that has risen into the magnetic loop above a height 
of z = 0.7H. We also integrate the transverse flux that rises above the same height through 
the x - z plane centered on the rising loop. Figure 4.5 shows the percentage of the total 
longitudinal and transverse flux that rise in the atmosphere as a function of time during the 
growth of the instability. At t = 80r a maximum of 54 percent of the transverse flux of the 
layer has risen into the loop. After that time, there is a precipitous drop in the flux, not 
because it is pulled down into the atmosphere, but rather because of magnetic reconnection 
which cancels the flux integrated through the plane. The amount of longitudinal flux that 
rises in the loop oscillates around a mean value of 42%, reaching a maximum of 47% . The 
longitudinal flux oscillation corresponds to the overshoot and reversal of the shear Alfven 
waves observed in Vx of Figure 4.3. Since only 54% of the field lines have risen into the 
loop, 78% of the total longitudinal flux on those lines is transported into the loop. This is 
particularly significant given that the loop comprises only 35% of the width of the magnetic 
layer in the y direction. Thus, motion in the plane of variation can only account for 30% of 
the longitudinal flux in the loop, while the remaining 70% is transported by Alfven waves 
on the field lines. When the field lines reconnect to form a flux rope as they did in Model 1, 
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the longitudinal flux that has accumulated in the sheared arcade is ejected into an isolated 
flux rope. 
As the system approaches a state of equilibrium, the longitudinal component, Bx, tends 
to evolve, by the action of shear Alfven waves, to constant values along field lines. We 
also know from the constraints of ideal MHD that the Bx flux of the system is preserved. 
These two facts taken together imply that the system evolves towards a state in which 
the magnitude of Bx is inversely proportional to the total area between adjacent field lines. 
Thus, the determination of longitudinal field for the system is non-local, while the transverse 
field strength is determined by local compression of the field lines in the y - z plane. The 
difference in field component scaling means that the inner/ outer portion of a loop with a 
small/ large area will be dominated by the longitudinal/ transverse flux. This behavior is 
reflected in the development of the shear pattern seen in row (a) of Figure 4.3. Here we find 
in the final frame that the shear angle is nearly 90 degrees at the center of the arcade and 
then steadily decreases to less than 10 degrees at the periphery. For comparison, Figure 4.6 
shows the longitudinal and net field strengths as a function of z through the center of the 
system at t = 110r. The non-local nature of Bx has a profound effect on the time evolution 
of buoyancy instabilities, as is borne out in the next model. 
4.3.3 Model 2: LM solution, 6 cells, I = ~ 
For Model 2, all parameters are identical to those of Model 1 with two exceptions. First, the 
grid now spans the interval OH < y < l27r H, which contains six Fourier cells of the sheared 
LM solution. Second, the velocity perturbation is of the same functional form as Model 1 
but is now applied to the third and sixth field crests (as counted from the left boundary). 
The perturbation applied to the sixth crest is 20 percent larger than that applied to the 
third. This same velocity perturbation is applied in Models 3 through 6. Figure 4. 7 shows 
the time evolution of the system as a sequence of four images showing the magnetic field 
lines, projected on the y - z plane in black, superposed on a false color image of the angle 
between the field and the plane of variation. The image at time t = 40.7r shows the growth 
of the two perturbed crests, of which the left is noticeably larger in size; the four unperturbed 
crests have collapsed. By time t = 48.7r, the left loop is twice as tall as the right loop, which 
has attained its maximum size. In the last image at t = 62.Sr, we see that the right loop 
has largely collapsed, while the left loop has nearly doubled in size since t = 48.7r. The 
e-folding time of the fastest growing mode measured in this Model is 4.2T. 
The behavior exhibited by Model 2 can be explained as follows; during the early evolution 
of the system, the two loops expand from the the magnetic layer and evolve independently. 
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Figure 4.5: The percentage of longitudinal flux in the system that accumulates in the as-
cending loop of Model 1 is plotted as a function of time. The curve shows two oscillations 
before the field lines reconnect, trapping 42 % of the flux in the rope. The other plot is 
of the percentage of transverse flux of the layer that rises into the loop. As the field lines 
reconnect, the flux attached to the layer goes to zero. 
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Figure 4.6: The longitudinal and total magnetic field strength for Model 1 are plotted, as a· 
function of height, as dashed and solid lines respectively. The plots are made of field values 
at the center of the system at time t=llOr. 
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Figure 4.7: The time evolution of Model 2 is shown as a sequence of images that display 
the magnetic field projected, on the y - z plane, as black lines superposed on a color repre-
sentation of the angle between the field and the y - z plane. The system is shown at times 
t = 39.8, 48.7, 57.5, 67.3r; it evolves as a pair of loops ascending from the magnetic layer. 
The loop on the right grows faster, having been given a larger perturbation than the loop on 
the left. The growth of both loops is largely controlled by the accumulation of longitudinal 
flux by shear Alfven waves. By time t = 48. 7r the larger loop begins to draw longitudinal 
flux from the smaller loop, causing it to collapse. 
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After the loops have risen several pressure scale heights into the atmosphere, they begin to 
draw upon the same longitudinal flux in the layer that is needed for further growth. At this 
point, the loops become dynamically and nonlinearly coupled by shear Alfven waves. This 
coupling favors the growth of the largest loop by an accumulation of longitudinal flux at 
the expense of the smaller loops, which then collapse. The transfer of flux between loops is 
seen to occur by reversal of Vx of the Alfven waves in the smaller loop, which occurs just 
prior to its collapse. Once achieving a maximum size, the single large loop contains half the 
longitudinal flux that was originally in the magnetic layer. The loss of longitudinal flux from 
the layer effectively stabilizes it against the further development of the buoyancy instability 
outside of the single loop. Thus, the system tends to evolve to a single loop regardless of the 
form of the velocity perturbation. 
4.3.4 Model 3: LM solution, 6 cells, I = 1.0 
To explore the significance of the equation of state on the development of the instability 
of the system, we choose Model 3 parameters to be identical to those of Model 2 with the 
following exceptions: The temperature of the atmosphere is everywhere set to 6000 K and 
remains isothermal for the duration of its evolution by setting 'Y = 1 . Figure 4.8 shows 
the evolution of the system through a sequence of images shown fort= 17.7, 22.1, 26.5 and 
31.07. As in previous Figures, magnetic field lines projected, on they - z plane, are drawn 
in black superposed on a false color image of the angle between the field vector and the plane 
of variation. For this model, we find the isothermal condition promotes a rapid growth of 
the instability with in an e-folding time of 2.57 as compared to 4.27 found in in the previous 
model for which 'Y = ~. The false color image shows the rising loops shear as they expand, 
but not to the extreme extent seen in Models 1 and 2. This reduced shear is due to the 
overall shape of the loops which are more spread out horizontally, and are shorter than in 
the previous cases. Most notable is that, for the duration of the simulation, the loop arising 
from the greater perturbation remains only slightly larger than the loop initiated from the 
lesser perturbation. This behavior persists for the duration of the simulation which ends at 
t = 317 when the loops come in contact. Thus, for Model 3, there is no dynamic coupling 
of the loops by shear Alfven waves. The reason for the decoupling is that when 'Y = 1, 
the atmosphere is so unstable that the accumulation of longitudinal flux is not necessary 
for sustained growth of the magnetic loops. Coupling of loops only occurs when a shearing 
displacement is essential for the growth of the buoyancy instability. 
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Figure 4.8: The time evolution of Model 3 is shown as a sequence of images that display 
the magnetic field, projected on the y - z, plane as black lines superposed on a color repre-
sentation of the angle between the field and the y - z plane. The system is shown at times 
t = 17. 7, 22.1, 26.5, 31.07-; it evolves as a pair of loops ascending from the magnetic layer. 
In this case, setting 'Y = 1 renders the system so unstable that shearing motions are not 
essential to the growth of the instability. Consequently, there is no nonlinear coupling that 
favors the growth of a single loop as is the case of Model 2. 
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4.3.5 Models 4,5: LM solution, 6 cells, Vx = 0 
To further demonstrate the significance of the shearing motions of large amplitude Alfven 
waves on the evolution of the system, we perform the following two simulations: Parameters 
for Models 4 and 5 are identical to those of Models 2 and 3 except that they were performed 
with the ZEUS-2D code compiled so as not to evolve Vx, which is fixed at zero. With 
shearing motions suppressed, Bx evolves like the plasma density because the x component 
of the induction equation takes the form of the continuity equation. 
Figure 4.9 shows the evolution of Model 4 ('Y = i) in a sequence of images for t = 
44.2, 66.3, 88.4 and 104T after the initial perturbation. Magnetic field lines projected, on 
they - z, plane are drawn in black, superposed on a false color image of the angle between 
the field vector and the plane of variation. The image shows that the system has been 
affected by the velocity perturbation only mildly as the system evolves to state that has four 
undulations, as opposed to six found in the initial state. In this case, the kinetic energy of 
the perturbation grows with an e-folding time of 21.4T, compared to 4.2T found in Model 
2. Clearly, for this initial state, obeying an adiabatic equation of state ('Y = i), a shearing 
displacement is necessary for the rapid growth of the mixed-mode buoyancy instability. 
Figure 4.10 shows the evolution of Model 5 ('Y = 1) in a sequence of images for times 
t = 17.7, 26.5, 35.4, and 44.2T. By comparison with Figure 4.8, we find that with the shearing 
motion suppressed, the instability develops at a slower rate than found in Model 3, which 
has an e-folding time of 2.5T as compared to 4.4T found here. We also find that in this case 
the ascending loops remain sheared at a 45 degree angle except for a small region which 
corresponds with the crest of the original field line undulation. This behavior contrasts 
sharply with Model 3 in which the rising loops become sheared at an angle of 65 degrees 
from the plane of variation over the majority of their area. 
4.3.6 Model 6: planar solution, r = ~ 
Model 6 demonstrates that the nonlinear dynamics found in Models 1 and 2 can also be 
exhibited during the evolution of a system beginning with a planar static state. The planar 
state used in this case is equivalent of the initial state used in Model 2 because it possesses 
the same ideal MHD invariants. Thus, all free parameters defining the initial state for Model 
6 are identical to those of Model 2. 
Figure 4.11 shows the evolution of the system through a sequence of images shown for 
t = 0.0, 66.3, 77.4 and 88.5T Magnetic field lines, projected on they - z, plane are drawn in 
black superposed on a false color image of the angle between the field vector and the plane 
of variation. By comparison of Figures 9 and 13, we find significant differences between the 
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Figure 4.9: The time evolution of Model 4 is shown as a sequence of images that display 
the magnetic field, projected on the y - z, plane as black lines superposed on a color repre-
sentation of the angle between the field and the y - z plane. The system is shown at times 
t = 44.2, 66.3, 88.4, 104r; it evolves from six field crests to four. In this case, the absence of 
shearing motions greatly reduces the growth of the instability, compared to Model 2. This 
model clearly demonstrates the significance of the shearing motions for the nonlinear growth 
of the mixed-mode instability for the initial state when "( = i. · 
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Figure 4.10: The time evolution of Model 5 is shown as a sequence of images that display 
the magnetic field, projected on the y - z plane, as black lines superposed on a color rep-
resentation of the angle between the field and the y - z plane. The system is shown at 
times t = 17.7, 26.5, 35.4, 44.2T; it produces a pair of loops of nearly equal size. The distin-
guishing features of this model are that shearing motions are prohibited, and r = 1. With 
the isothermal condition, the system is so unstable that shearing motions are not nearly as 
significant to the growth of the instability as in the case with r = i· Nonetheless, growth 
of the instability is still faster when shearing motions are allowed. Notice that the shear 
pattern remains largely fixed as the loops expand. 
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evolution of the two equivalent systems. The instability of the planar state develops slower 
than the undulating state with an e-folding time of 7.0r compared to 4.2r for Model 2. We 
also note that at t = 77.4r, the maximum size of the lesser loop is smaller than lesser loop 
found in Figure 4.7 (t = 48.7r) at its maximum size. From these results, we infer that the 
pre-existing undulations of the LM equilibrium state render the system more susceptible to 
buoyancy instabilities compared to the planar state. However, what is more remarkable is 
that the long term evolution of the system beginning from a planar state exhibits the same 
pattern of loop coupling by shear Alfven waves as found in Model 2. In this case, we find 
that by t = 88.5r, the lesser loop has collapsed almost entirely from the loss of longitudinal . 
flux to the larger loop. 
We have shown that under given circumstances, the unstable magnetic layer tends to 
evolve in such a way as to form a single loop regardless of the form of the velocity perturbation 
given the system. The question then naturally arises as to how far can we extend the magnetic 
layer in the horizontal direction and find that it still exhibits this collective behavior. To 
address this question, we have performed two simulations which in every way are identical to 
Model 1, except that we have increased the number of Fourier cells to 6 and 10 respectively. 
For the 6-cell case, the system evolves to possess 3 undulations (all larger than found in the 
initial state), 2 of which then collapse to leave only a large central loop. Thus, the behavior of 
the 6-cell system is like that found in Model 1 in which the number of undulations successively 
halve as every other field crest grows as its nearest neighbors collapse. When we extend the 
system to possess 10 periods, we begin to lose the collective behavior. In this case, the 
system forms a large central loop but 4 other undulations have not entirely flattened out by 
the end of the simulation. 
The result of longitudinal flux from the entire length of the layer accumulating in a single 
dominant loop by action of shear Alfven waves is clearly apparent when we compare loops 
formed from layers of varying width, as shown in Figure 4.12. Here, we find that magnetic 
loops originating from layers composed of 4, 6 and 10 Fouriers cells [shown in frames (a), 
(b) and (c) respectively] are approximately proportional to the width of the magnetic layer. 
Furthermore, we find that the percentage of the longitudinal flux of each system which 
accumulates in their respective loops; increases with the width of the magnetic layer. Loops 
originating from 4, 6 and 10 period layers possess 42%, 50% and 553 of the longitudinal 
flux of their respective systems. Thus, the increase in the size of the loops shown in Figure 
4.12 is the result of a very pronounced shear-induced inflation in which there is a positive 
feed-back between the size of the loops and the longitudinal flux accumulated. 
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Figure 4.11: The time evolution of Model 6 is shown as a sequence of images that display 
the magnetic field, projected on the y - z plane, as black lines superposed on a color repre-
sentation of the angle between the field and the y - z plane. The conditions for this model 
are identical in every way to those of Model 2, with the exception that the initial state is a 
planar system that possesses the same ideal MHD invariants as the 2D initial state of Model 
2. The system is shown at times t = 0, 66.3, 77.4, 88.5r; it shows a similar pattern of loop 
interaction exhibited by Model 2. The significant difference is that the instability grows 
more slowly than in Model 2, and the flux loops do not reach the equivalent heights of those 
of model 2. 
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Figure 4.12: An image of Model 1 at t BOT is presented along with images from two 
other simulations at t = 82T. The conditions of the three simulations are identical in all 
respects except the widths of the computational domains, which are spaced to contain 4, 
6 and 10 Fourier cells of the LM solution as their initial states. Frames (a), (b) and (c) 
show the results of the simulations in a sequence of increasing size, displayed with the same 
magnetic field representation used in Figures 9 through 13. The size of the loops is roughly 
proportional to the width of the layer even though all three loops contain the same number 
of field lines. However, the longitudinal flux in the loops increases with the width of the 
layer, so the increase in loop size is the result of shear-induced inflation. In all cases, the 
pattern of differential shear is nearly identical. 
93 
4.4 Comparison with Observations 
Our simulated buoyant rise of magnetic field arcades from flux layers placed just below a 
model photosphere has much in common with the geometry- and time-dependent behaviors 
observed in EFR's and filaments. In particular, when the magnetic field of the layer is at 
an angle to the plane of variation such that the buoyancy instability occurs as a mixed-
mode, then shearing motions naturally arise that are driven by the Lorentz force. Favorable 
comparisons between these models and EFR's may allow for a physical explanation of the 
ubiquitous shearing motions observed when magnetic flux passes through the photosphere. 
4.4.1 Development of magnetic shear 
The photospheric velocity field in an EFR has been observed by Strous et al. (1996) and is 
shown in Figure 4.13 along with dotted outlines of the magnetic flux concentrations. This 
figure clearly shows the opposite polarities moving in opposite direction and nearly parallel 
to the neutral line. By comparison, we find in our numerical models that opposite polarities 
traveling in opposite directions is a hallmark of the shear Alfven waves [see Figure 4.3, row(c) 
and Figure 4.16]. The direction of motion is explained by the opposite sign of the gradient 
of the longitudinal field as measured along the field lines in the two legs of the ascending 
loop (see Figure 4.4). Observations of photospheric neutral lines made with video vector 
magnetographs reveal that the increase of magnetic shear can be an extremely impulsive 
event taking only a few minutes (Wang 1992). In one case study, Wang et. al (1994) 
observed that the shear angle at the neutral line increased from 37 degrees to 75 degrees in 
the shortest time they could resolve which was only four minutes (10.6r in the units of our 
simulations). 
The development of magnetic shear in the chromosphere is evident in the elongation of 
Ha fibril structures observed as the emerging flux evolves (Zirin 1983; Brants and Steenbeek 
1985). A sheared pattern also forms to a lesser degree in the arch filament system as shown 
in Figure 4.14 which is the chromospheric extension of the EFR shown in Figure 4.13. To 
see the extent to which the field lines of the sheared arcade of Model 1 reproduce the Ha 
patterns of Figure 4.14, we plot a time sequence of six field lines, projected on the x - y, 
plane in Figure 4.15. To be consistent with the nature of the Ha pattern, only the portion 
of the field lines that are at chromospheric heights between 1.0 x 103 km and 3.0 x 103 km 
are shown. The footpoints of the lines are denoted by black dots. In addition, we also follow 
the motion of the field lines as they are advected in the x direction by shear Alfven waves. 
The sequence of six frames are evenly spaced in a time period lasting from t = 1000 seconds 
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Figure 4.13: The photospheric flow field of an EFR is displayed that was derived from the 
motion of sunspots and pores. Dotted outlines of the magnetic flux concentrations are shown 
at a time halfway through the observing period. (Courtesy of L. H. Strous) 
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Figure 4.14: The Ha line-center image of the arch filament system that formed over the 
photospheric EFR displayed in Figure 4.13. (Courtesy of L. H. Strous) 
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to t = 1200 seconds. The magnetic neutral line is located at the center of the images and 
runs from the bottom to the top. 
Examining Figure 4.15, we find that the field lines of the ascending sheared loop of 
Model 1 are in good agreement with both the geometry and time-dependent evolution of 
chromospheric fibrils. The footpoints closest to the neutral line move faster than those 
farther away. As a result, the field lines closer to the neutral line, evolve to a state of being 
more aligned to the neutral line than those farther away. The field lines reproduce the 
sheared structures seen in Ha that become progressively more aligned to the neutral line the 
closer fibrils come to it. Perhaps what is most significant is that the shearing of the field 
lines shown is Figure 4.15 is extremely impulsive. The formation of the shear pattern takes 
about 200 seconds with solar-like basic physical parameters for the model. This formation 
time compares very favorably to the less than 240 seconds required for a substantial increase 
in shear observed at a photospheric neutral line by Wang et al. (1994). 
Ha arch filaments over EFR's have been observed to rise at velocities between 10 and 
15 km s-1 (Chou and Zirin 1988), while strong downfiows at the footpoints are observed 
simultaneously (Malherbe et al. 1983; Zhang 1995). These vertical motions have been 
accurately modeled in simulations of expanding magnetic loops (Shibata et al. 1989b) and 
are also reproduced here, as shown in Model 1 (Figure 4.3, row (c)). Horizontal motions are 
observed in bipolar active regions by different means at the photosphere, chromosphere, and 
transition region; the horizontal velocity tends to hold to a single pattern. At all heights the 
velocity tends to be parallel to the photospheric neutral line, but points in opposite directions 
on opposite sides of the neutral line. In fact, the velocity neutral line at all levels largely 
coincides with the photospheric magnetic neutral line. Furthermore, the velocity magnitude 
tends to rise very quickly from zero to reach a maximum near the neutral line then decrease 
with distance from the neutral line. 
While the pattern ·of the shear velocity persists at different levels, the major change in 
the shear velocity is that it increases with height in the atmosphere. At the photosphere, 
the typical shear velocity observed in emerging flux is of the order of 1-2 km/s (Harvey and 
Martin 1973; Strous 1996; Strous 1999). Velocity measurements, made in Ha, of regions near 
and in filaments show the shear velocity to be of the order of 5 km/s (Malherbe et al. 1983). 
Dopplergrams made in C 1v lines of the transition region over the photospheric neutral of an 
. active region (Athay et al. 1982; Athay et al. 1985) show that the shear velocity is typically 
20 km/s. In most cases, there is a large-scale spatial coherence of the shearing pattern, which 
extends over most of the length of the photospheric neutral line (Athay et al. 1985; Wang 
et al 1994). 
We can now make a comparison between these observed shear velocities and the velocity 
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Figure 4.15: The time evolution of the chromospheric field lines of Model 1 are shown 
projected on the x - y, plane which is equivalent to the photosphere at disk center. The 
field lines extend from a height of 1.0 x 103 to 3.0 x 103 km. The footpoints are marked by 
black dots. The sequence of six frames are evenly spaced in a time period lasting from t = 
1000 seconds to t = 1200 seconds. The magnetic neutral line is located at the center of the 
images, and runs from the bottom to the top. The geometry and evolution of the field lines 
is like that chromospheric fibrils in that footpoints closest to the neutral line move faster 
than those farther away. As a result, the field lines evolye to a state of being more aligned 
with the neutral line the closer they come to it. 
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amplitude of the Alfven waves in an ascending flux loop. To do so, we plot the horizon-
tal velocity vx, of an ascending loop as a function of horizontal distance y at three heights 
z = 0 km z = 1.0 x 103 km and z = 3.0 x 103 km which correspond with the photosphere, 
chromosphere and transition region of a bipolar active region. The three velocity profiles 
are shown in the three frames of Figure 4.16 for the simulation identical to Model 1 but 
containing ten Fourier cells, which s shown in frame (c) of Figure 4.12, but at an earlier 
time, t = 1500 seconds. Examining the three plots, we find the maximum shear velocities 
at the photosphere, chromosphere and transition region, are 5, 15 and 20 km/s respectively. 
The maximum transition region shear velocity agrees with what is observed while the pho-
tospheric and chromospheric velocities are higher than observed. The high velocity at the 
chromosphere is confined to narrow region while a much wider portion of the velocity profile 
is at 6 km/s. Shearing observed at the photosphere as magnetic flux emerges is short lived, 
and continually slows as the flux system ages. The measurements by Harvey (1973) and 
Strous (1996) were made hours after the flux first emerged. Consequently if observations of 
the photospheric shear could be made in the first minutes as the flux emerges, we predict 
velocities as high as 5 km/s might be observed. 
4.4.2 Sheared static structures 
EFR's tend to evolve to stable sheared configurations that are seen in Ha to possess either 
an arch filament system as shown in Figure 4.14, or filament over the magnetic neutral lines 
that may remain for weeks or even months. Chromospheric features near the filament form 
a channel which is characterized by a gradual progression from vertically oriented features of 
the quiet chromosphere to long horizontal fibrils (Foukal 1971; Lites et al. 1995). Farthest 
from the filament, fibrils are nearly perpendicular to, and point away from, the filament. 
As the filament is approached, the fibrils turn and become increasingly aligned to it, and 
are never observed to arch across the filament. At the photosphere, high resolution vector 
magnetograms made by Zirin and Wang (1993) show that at the neutral line, the horizontal 
magnetic field is found to be highly concentrated in narrow lanes that are of the order of 
lOOOkm wide with a field strength between 1000 to 3.5k Gauss. Based on these observations, 
Zirin and Wang (1993) suggest that the polarity inversion would be more aptly characterized 
as a line of shear in the field rather than as a neutral line. In the low corona located over 
bipolar active regions, Schmieder et al. (1996) observe X-ray loops that are indicative of a 
magnetic arcade whose lines are nearly perpendicular to the photospheric neutral line. 
The observations of bipolar active regions made at the photosphere, chromosphere, and 
corona reveal that over the entire active region, the magnetic field is most sheared at the 
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Figure 4.16: The shear velocity (vx) for a ten Fourier-cell simulation [frame (c) of Figure 
4.12] is plotted as a function of horizontal distance through the rising loop at time t = 50r 
(1500 s). Three plots are made at heights of 0, 1.0 x 103 km and 3.0 x 103 km which are 
shown in frames (a), (b) and (c) respectively. The images show a reversal of horizontal 
motion at the neutral line, as well as the velocity increasing with height. The motion is due 
to the Lorentz force and takes the form of large amplitude shear Alfven waves. 
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neutral line, and becomes progressively less sheared with both lateral distance from and 
height above the neutral line. This general decrease in magnetic shear away from then 
neutral line is reproduced in the magnetic arcades formed in simulations of the nonlinear 
development of the mixed-mode instability. This pattern is well illustrated in the false color 
images of the shear angle given for Model 1 in row (a) of Figure 4.3. Similarly sheared 
(but larger) loops are formed from wider layers, as shown in Figure 4.12. In these three 
simulations, we find that, at the centers of the loops the field is sheared nearly 90 degrees, 
and that the shear steadily decreases to less than 10 degrees at the outer periphery of the 
loop. In addition, the three loops shown in Figure 14 also agree with the observations of 
Zirin (1993) in that at the photospheric level, the longitudinal flux is highly concentrated 
in narrow lanes. For Model 1 at time t = 66.4r the longitudinal flux largely dominates the 
inner 800 km of the base of the loop where the maximum field strength of 2000 Gauss. 
4.4.3 Filaments 
Flux ropes have been considered as a primary source of filament support for some time 
(Pneuman 1983), and have more recently been used to model static filaments (Low and 
Hundhausen 1995; Schonfelder and Hood 1995; Aulanier and Demoulin 1998; Amari et al. 
1999), and filament eruptions (Low 96; Chen 1996; Guo and Wu 1998), with considerable 
success. Although the flux rope is physically and observationally attractive for modeling the 
magnetic environment of filaments, the process by which a flux rope comes to exist in the 
atmosphere has received less attention. In this context the flux rope that forms in Model 
1 is particularly interesting. In this simulation, we find that the sheared magnetic loop 
spontaneously pinches together and the field lines reconnect to form a flux rope without 
imposing a convergent flow. In this case, the flux rope forms over the neutral line (see 
Figures 5 and 19) and has several notable features observed in filament magnetic fields. 
In Model 1, chromospheric field lines shear prior to flux rope formation, and field line 
reconnection occurs as the rope forms. These events are consistent with observations of 
Ha fibrils shearing prior to filament formation, and of flux cancellation that occurs as the 
filament forms (Gaizauskas et al. 1983; Martin 1986). The simulated flux rope contains a 
significant amount of longitudinal flux that was transported from the magnetic layer prior 
to reconnection. Consequently, the field of the flux rope is highly sheared over much of the 
rope's cross section. In comparison, a predominantly horizontal axial field is an accepted 
property of filaments (Rust 1967; Athay et al. 1983), for which the measured shear angle 
is most frequently found to be 65 degrees (Leroy et al. 1983). The longitudinal flux is 
distributed in the flux rope such that the magnetic field is most sheared [Figure 4.3, row 
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Figure 4.17: The density of plasma in the flux rope of Model 1 is displayed at time t = 2557 
seconds. in a false color image with field lines, projected on the y - z plane, shown in black. 
The color image shows a well defined plasma condensation at the bottom of the flux rope 
and cavity at the top. 
(a)] and at maximum strength (Figure 4.6) , at the center of the rope. Consequently, as one 
travels upwards in the plasma condensed at the bottom of the flux rope, the magnetic field 
increases with height and becomes more nearly parallel to the neutral line. The flux rope 
magnetic field produced in our simulation is consistent with observations of filaments which 
also show an increase in field strength with height (Leroy et al. 1983; Rust 1967), as well 
as the magnetic field vector becoming more aligned to the filament axis with height (House 
and Smartt 1982). 
With the rise of the magnetic loop in Model 1, plasma is carried on the field lines high 
into the atmosphere. Most drains down the magnetic loops, but some is captured in the flux 
rope at the onset of reconnection. Figure 4.17 p·rovides a false color image of the distribution 
· of plasma in the flux rope superposed with field lines, projected on they - z plane, for Model 
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1 at time t = 122r (46 min). Examination of the figure reveals that the plasma has clearly 
condensed in the bottom of the flux rope, and that a low density cavity has formed at the 
top. Figure 4.18 shows two plots of the log of the density as a function of height through the 
center of the system for the initial state and at t = 122r (46 min). By comparing the two 
curves, we find that the density at the bottom/top of the flux rope is 10 times greater/less 
than the ambient atmosphere. Since there are no radiative cooling processes included in the 
model, the plasma does not condense any further. While the dense plasma at the bottom of 
the flux rope is suggestive of a filament, the low density cavity is suggestive of X-ray images 
showing cavities (reduced emitting material) observed over all filaments (Golub et al. 1994). 
The flux rope formed in Model 1 is comparable to the dimensions of active-region fila-
ments, which range in height from 2.5 x 103 to 2.5 x 104 km and thickness of 1.0 x 103 to 
5.0 x 103km (Priest 1989). However, the plasma density and field strengths are greater than 
the typical values of 10 x 10-12 g cm-3 and 50-100 Gauss respectively. Also, the 2.5D model 
does not address 3D structures of filaments, such as barbs (Martin et al. 1994). Nevertheless, 
we do offer a self-consistent MHD model of flux rope formation and plasma condensation 
that bears out many of the conceptual ideas first proposed by Pneuman (1983). The sheared 
arcade and flux rope also have many characteristics in common with a static 2D model of fil-
aments proposed by Lo~ and Hundhausen (1995). Furthermore, we find the flux rope forms 
in a newly-emerged magnetic field brought high into the atmosphere by magnetic buoyancy. 
However, the most significan~ aspect of the simulation is the accumulation of longitudinal 
flux in the rope by shear Alfven waves, which provides an explanation for the predominantly 
axial field found in filaments. 
4.5 Discussion and Conclusions 
It has become a paradigm of solar physics that magnetic fields evolve to sheared configura-
tions as a result of footpoint displacements that are driven by photospheric flows. Numerous 
physical models prescribe photospheric footpoint motion of coronal magnetic arcades to pro-
vide a buildup of magnetic shear that ultimately leads to the disruption of the arcade. These 
models of disruption are successful at producing some of the dynamic behavior elicited by 
coronal mass ejections and solar flares (for examples see Mikic et al. 1988; Choe & Lee 1991; 
Mikic & Linker 1994; and Wolfson 1995). While photospheric flows may be invoked to ex-
plain the creation of magnetic shear, there has been no compelling physical reason why these 
flows should preferentially occur at photospheric neutral lines. Furthermore, where clear ob-
servational evidence of magnetic shearing exists, the shear develops impulsively and is often 
associated with flares. No mechanism exists to explain sudden motions of the photosphere 
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Figure 4.18: The plasma density for Model 1 is plotted as a function of height through 
the center of the flux rope at time t = 2757 seconds. (solid line). The plasma density is 
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that are required to account for impulsive field line shearing that occurs on a time scale of 
minutes (Wang et al. 1994). In fact, the time scale for potential fields to become highly 
sheared by photospheric differential rotation is several weeks to months (Van Ballegooijen 
and Martens 1990). 
We propose that the observed impulsive shearing motion can be self-consistently ex-
plained as a response to the Lorentz force that arises during the nonlinear development of 
mixed (undular-interchange) mode buoyancy instabilities. Under these circumstances, the 
Lorentz force drives the two sides of the rising loop in opposite directions, parallel to the 
direction of invariance. The motion takes the form of large-amplitude shear Alfven waves 
that travel the length of the magnetic field lines. This model offers an explanation as to 
why magnetic shearing naturally coincides with the magnetic neutral line. Also, the model 
allows us to predict the shear velocity observed at different heights in the solar atmosphere 
in terms of the velocity amplitude of the Alfven waves. Furthermore, the effect of the shear 
Alfven waves is to transport longitudinal flux into an ascending loop to restore the system to 
force balance in the invariant direction. By this process, the longitudinal flux is distributed 
in a loop in a way that self-consistently creates the pattern of differential shear observed 
in bipolar active regions. What is most significant about the shear Alfven waves is that 
they provide a mechanism by which regions of the solar atmosphere and interior that are 
connected by field lines may become nonlinearly coupled, and exhibit an organized behavior 
that works to expel magnetic flux from the solar interior. 
The shear velocity this model predicts for emerging flux will depend largely on the struc-
ture from which the buoyant loop originates. In this chapter, we present results in which the 
initial model was composed of a strong field close to the photospher~. In this case, we find 
impulsive field line shearing that occurs on a time scale very comparable to that observed 
by Wang et al. (1994). In another study to be published later, we performed a simulation of 
a weaker magnetic layer deep in a polytropic atmosphere. In this case, the magnetic loops 
rise more slowly, and .shear with a lower photospheric velocity of order of 2 km/s. In other 
words, the Alfven speed of the magnetic layer, from which loop originates, determines the 
time scale for communication of shearing motions to the solar surface. For example, if we 
imagine that the magnetic loop is forming from a very deep high-.8 magnetic layer, where the 
Alfven speed is of the order of meters per second rather than kilometers per second, then the 
rate of shearing would be limited by the much lower Alfven speed, and the shearing would 
last for a prolonged period of time. By interpreting the shearing motion observed in EFR's 
as resulting from Alfven waves we may deduce the Alfven speed of the magnetic source of 
the rising loops. 
The simulations presented have been made for a magnetic layer in close proximity to the 
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solar surface covering no more than 1 x 104 km in either the vertical and horizontal direction 
of variation. Such a restriction was made so that the models would be numerically feasible. 
However, the physical effects demonstrated in this limited context may also play a role in 
the dynamics of larger magnetic structure in the sun. For example, it has been noted that 
the axial fields in polar crown filaments are inconsistent in sign with models in which the 
axial field is produced by differential rotation at the photosphere acting on line-tied, pre-
existing coronal magnetic fields (Rust 1967; Leroy 1979; Leroy et al. 1984). Van Ballegooijen 
(1990) has suggested that the observed axial field can be produced by differential rotation 
below photosphere, and then transferred to a helical flux rope in the corona by a process 
involving magnetic reconnection and flux cancellation. However, as illustrated here, shear 
Alfven waves may also be an effective mechanism for transferring longitudinal (axial) flux 
from a magnetic layer far below the photosphere into an arcade that has buoyantly risen 
into the corona. 
A significant difference between self-induced field line shearing and photospheric driven, 
line-tied shearing is that in the former case flux emergence is an essential part of the process. 
Despite this and other differences, we find that in many cases, our model of field line shearing 
complements and expands upon aspects of the model of driven shear. For example, Sturrock 
and Woodbury (1967) first showed that a bipolar magnetic arcade will expand in response to 
the shearing of the footpoints. Since that time, numerous studies have demonstrated shear-
induced inflation of force-free arcades (see Klimchuk 1990 and the list of references therein). 
What is particularly significant about the our proposed theory of field-line shearing is not 
only that Alfven waves self-consistently explain the shearing motion during flux emergence, 
but also the extent to which longitudinal flux is transported into a magnetic arcade by the 
Alfven waves. This flux transport coincides with the shear-induced inflation of a magnetic 
arcade, and in this context the arcade is a reservoir of longitudinal flux accumulated from 
extensive regions of the atmosphere that are dynamically coupled by shear Alfven waves. 
Magnetic reconnection may result in the formation of an isolated flux rope from a sheared 
arcade that possesses a significant amount of longitudinal flux of the system as well as a 
plasma condensation in the bottom of the horizont~l rope. The ejection of this flux rope, 
for example, in the form of a CME would represent a substantial loss of flux from the 
atmosphere; see Low (1996) and Low and Hundhausen (1995). 
It is generally accepted that the energy source for flares is highly stressed magnetic fields 
that are commonly in the form of sheared magnetic neutral lines. It has been demonstrated 
by McClymont and Fisher (1989) that the mechanical energy available in photospheric con-
vective flows and differential rotation are too small to be sufficient for major flares. Their 
calculations however, revealed that the energy available in emerging magnetic flux was more 
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than adequate to power flares. Thus, the mixed-mode model of flux emergence not only has 
the free energy available in the emerging field sufficient to power flares, but it also efficiently 
produces sheared magnetic configurations that are strongly associated with flaring events. 
This model is attractive since flares typically occur along the most sheared sections of a 
magnetic neutral line (Hagyard, Moore & Emslie 1984), often while the flux is still emerging 
(Zirin 1983; Zhang 1995). 
One might expect to observe a reduction in magnetic shear to coincide with flares but in 
fact, it is often observed at the photosphere that magnetic shear persists, or even increases, 
during flares (Hagyard et al. 1984; Wang et al. 1994). Only one variety of flare has been 
clearly associated with a reduction in magnetic shear of a bipolar active regions. In reported 
instances of two-ribbon flares (Zirin and Tanaka 1981; Zirin 1984), prior to the flares Ha 
arches over their respective neutral lines were long and sheared; afterwards, the arches were 
nearly perpendicular to the neutral line. Two-ribbon flares emanate from near the neutral 
line and spread upwards on both sides of the line (Zirin 1984), and are thought to occur as a 
result of the reclosing of the magnetic field opened up by a CME (Low 1996). The reduction 
in shear found to occur with magnetic reconnection that may be associated with two-ribbon 
flares is not unlike the loss of shear in our Model 1 simulation that occurs as field lines of 
the sheared arcade reconnect to form a nearly isolated flux rope. For flares associated with 
events less disruptive than CME's, shear may be merely redistributed, or it may even be 
replenished by Alfven waves on time scale comparable with the duration of the flare. 
The field line shearing of Models 1 (and larger versions shown in Figure 4.12) explains, 
and compares favorably, with several aspects of bipolar active regions. However, there are 
simplifying assumptions to the model that should be remarked upon. The most significant 
assumption is that of invariance in the x coordinate, which corresponds to the direction of 
the magnetic neutral line. Consequently, there are no pressure gradients along the neutral 
line and only the magnetic tension force offers a means of accelerating plasma in or out 
of the plane of variation. Equally important, we have restricted the system to evolve by a 
mixed-mode through the orientation of the field lines on the 2D grid. The most important 
questions that remain to be answered are: when 3D variations are allowed, will the system 
still evolve by mixed-modes, and if so, will the system be sufficiently symmetric along the 
neutral line so that the magnetic tension force dominates other forces? 3D simulations will 
be needed to address these questions. However, partial answers may already be inferred from 
the behavior of emerging flux. 
Observations already suggest that significant symmetry and coherence exist along the 
magnetic neutral line at the photosphere and below. The fact that flux is observed to 
emerge all over an active region one day and cease the next day strongly suggests that the 
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emerging flux is arising from a common source (Zirin 1983) . Furthermore, the impulsive 
increase in shear observed by Wang et al. (1994) was observed to be spatially coherent 
over a distance of more than 1.0 x 104 km of the neutral line. It is this coherent motion 
along the neutral line that lends credibility to simulations which assume invariance along 
the neutral line. However, what is truly significant is that the shear increase occurred in 
less than 4 minutes while the sound travel time along the neutral line at the photosphere is 
approximately 16 minutes. Given the field strengths, the magnetosonic travel time is only 
marginally shorter. Thus, there is not sufficient time at the photosphere to organize the 
large-scale spatial coherence of the shearing motion. Rather, the coherence must have been 
established below the photosphere prior to the opserved shearing event. 
Symmetry along the neutral line is apparent when flux first emerges at the solar surface. 
Strous & Zwaan (1999) observe that small facular elements and Ha structures exhibit a 
spatial coherence as they emerge, because they all line up in the same direction. Strous & 
Zwaan have taken this to imply that the flux emerges in well defined sheets that run parallel 
to the neutral line. After the flux emerges, the symmetry breaks down as opposite polarities 
are observed to migrate towards their respective sunspots. Vector magnetograms taken by 
Lites et al. (1998) reveal a similar pattern of flux emergence. In this case, the magnetic 
field first emerges as horizontal loop tops pass through the photosphere. Only some time 
later, after the field turns vertical, does it begin to gather together to form sunspots which, 
it is believed, are the result of convective collapse (Parker 1978; and Steiner 1996). Above 
sunspots of a bipolar active region (Figure 4.13) the field expands to form a much more 
symmetric pattern of Ha loops as shown in Figure 4.14. 
Finally, it needs to be determined for what initial states mixed-modes will be energeti-
cally preferred over pure undular or pure interchange modes, given full 3D variations. Our 
simulations have already shown that the shearing displacement is more significant to the 
growth of the instability in atmospheres that are initially closer to being stable. When the 
atmosphere has a sub-adiabatic temperature stratification, it is difficult to make a vertical 
plasma displacement because of the plasma's convective stability. However, once it is pos-
sible to bend the field upwards to form a loop, it is then possible to load the loop with 
longitudinal flux with horizontal shearing displacements, to which there is no resistance by 
the convectively stable plasma. The accumulation .of buoyant flux then has a positive effect 
on the growth of the rising loop. The profound difference between the adiabatic and isother-
mal mo.dels also suggest that the equation of state and radiative transfer will have a major 
role to play in the development of the instability in the solar atmosphere. 
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Chapter 5 
The Disruption of Coronal Magnetic 
Arcades by Self-Induced Shearing 
5 .1 Introduction 
The simulations presented in the previous chapter utilize idealized initial states that are in 
the form of magnetic layers. While such a configuration is useful for modeling the emergence 
of flux from below the photosphere, it is not useful for modeling fields already existing 
in and above the photosphere. In this environment, magnetic flux is observed in bipolar 
configurations where opposite polarities are separated by a well established neutral line. 
In the chromosphere and corona, Ha and X-ray loops are clearly found to be ubiquitous 
over photospheric magnetic active regions. These observed structures are believed to reflect 
a dominant loop-type configuration of the magnetic field supporting and confining plasma 
high in the solar atmosphere. Along a magnetic neutral line, the loops may line up to form .an 
arcade that is believed to be an integral part of the magnetic field associated with the largest 
scale, static density structures observed in the corona, namely helmet-streamers (Low and 
Hundhausen 1995). Helmet streamers are commonly the order of a solar radius (7.0 x 1010 
cm) in length and are observed in their density structures when seen in Thomson-scattered 
light projected against the sky (Hundhausen 1998). Helmet-streamers often possess a three-
part structure composed of a dense outer shell, a filament cavity and a filament at the base 
of the helmet. 
Helmet-streamers may be stable for weeks at a time but eventually suffer eruptions that 
are typically classified as CME's in which as much a 1015 gm of plasma is hurled into 
interplanetary space with a kinetic energy as high as 1032 ergs. CME's often show in white 
light a basic three-part structure of a dense bright leading shell with a cavity containing a 
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bright core usually in the form of an erupted prominence (Hundhausen 1998, Howard 1999, 
Gibson & Low 1998), that can be interpreted as the corresponding three-part structure of the 
pre-eruption helmet. Also of significance are two-ribbon flares observed to occur after CME's 
lift off, and interpreted as the results of reconnection of coronal magnetic fields opened up 
by an outgoing CME. 
An unanswered question in CME research is the nature of the coronal magnetic structures 
capable of erupting into a CME. To address this issue, as well as to explore smaller scale 
magnetically driven eruptions, we will perform time-dependent 2.5D MHD numerical simula-
tions of buoyancy instabilities exhibited by sheared magnetic arcades. Our initial states are 
derived from the 2D analytical solutions of Low & Manchester (2000) that describe isother-
mal magnetostatic atmospheres. The equilibria we will use are members of their so-called 
intrusion solution. The details of the initial states are given in section 5.2 and the results of 
the simulations are presented in 5.3. There, we will show that as the buoyancy instability 
develops, field lines of the arcade expand upwards and spontaneously shear. Later in the 
evolution, the upper portion of the arcade necks off and reconnects to form a flux rope that is 
ejected from the system. In section 5.4, we discuss the results of the simulations and explore 
the physical processes involved in the disruption of the arcades that might be significant to 
the initiation of CME's and plasmoid ejections. 
5.2 Mathematical Model and Initial States 
To model buoyancy instabilities discussed herein we assume that the system is composed 
of magnetized plasma that behaves as an ideal gas. The plasma is taken to have infinite 
electrical conductivity so that the magnetic field is frozen to the plasma. The gravitational 
acceleration, g, is constant in the negative z direction [we use Cartesian coordinates (x, y, z)]. 
With these assumptions, the evolution of the system is governed by the deal MHD equations 
that are given in Chapter 4 and not repeated here. The simulations are invariant in the 
x direction so that (:x) = 0. However, we allow for non-zero velocity and magnetic field 
components in all three directions. For the two simulations detailed here, the polytropic 
index, "(, is of the value 'Y = ~· 
For our initial states, we use 2D magnetostatic isothermal atmospheres that take the 
form of sheared magnetic arcades. The equilibria are members of the family of intrusion 
solutions presented in Low & Manchester (2000) for which the flux coordinate, </> has the 
form 
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<Pa= exp (- 2~) cos(qy) . (5.1) 
We retain the pressure scale height, H, in the mathematical formulation; H was set to unity 
in Chapter 2. For this family of solutions, members are distinguished by the flux function 
A(<Pa) and by the horizontal spatial frequency, q, used in defining <Pa· The functional form of 
A( <Pa) and the value of q may be freely chosen with only the restriction that q be sufficiently 
large that B; is positive. 
As in previous chapters, the magnetic field, B, is defined in terms of A(<Pa), and Bx(<Pa) 
by the equation, 
( dA o</Ja dA o</Ja) B = Bx(<Pa), d</Ja oz ' - d</Ja oy ' (5.2) 
where Bx (<Pa) is of the form 
(5.3) 
necessary to satisfy the x component of the force balance equation (2.2). 
For the isothermal atmosphere, the plasma pressure is exponentially stratified to provide 
force balance along the magnetic field lines, 
(5.4) 
where P( <Pa) takes the form 
q
2 
( dA )
2 
P( <Pa) = Po - S7r d</Ja (5.5) 
necessary to provide force balance in a direction perpendicular to the field lines. 
For the photospheric initial state, the flux coordinate, given by equation 5.1, is defined 
with q = 2/ H . The flux profile, A(<Pa), is taken to have the same form given by equation 
(4.18) that was used for the shear layer simulations. For these selections, the magnetic arcade 
solution takes the form: 
(5.6) 
B - -~B (<Pa - <Po) 
y- 20 <P~ (5.7) 
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( z ) . (2y) (</>a - </>o) Bz = 2Bo exp - 2H sm H . </>! (5.8) 
P("' ) = R _ B5 (</>a - </>o) 2 
'1-'a 0 27r </>~ (5.9) 
For the coronal initial state, the flux coordinate, given by equation 5.1, is defined with 
q = 1/ H. The flux profile, A(</>a), is taken to have the form 
A("' ) = BoH(</>o - 4</>~) 
'1-'a 8</>! (5.10) 
For these selections, the magnetic arcade solution takes the form: 
B - y'3 B (2</>~ - </>o) 
x - 2 0 2</>! (5.11) 
B - -~B (2</>~ - </>o) . 
y - 2 ° 2</>! (5.12) 
( z ) . ( y ) (2</>~ - </>o) Bz =Bo exp - 2H sm H 2</>~ (5.13) 
P("' ) = R _ B5 (2</>~ ~ </>o) 2 
'1-'a . o 87r 4</>lo (5.14) 
The parameters chosen to completely specify the model photosphere with a magnetic 
arcade are as follows: </>o = 0.5, B0 = 3500 Gauss , T0 = 6.0 x 103 K, p0 = 3.3 x 10-6 
g/cm3 , g = 2.734x104 cm/s2 and m = 1.3mh where mh is the molecular weight of hydrogen. 
The coronal arcade parameters that differ from the photospheric case are: B0 = 120 Gauss, 
T0 = 1.0 x 106 K, and p0 = 1.0 x 10-15 g/cm3 . The physical parameters defined above, 
introduce length, velocity and time scales that characterize the equilibrium states and the 
dynamics of the instabilities exhibited by the systems. For the photospheric environment, 
these scales have values 'of H = 1.40 x 107 cm, Cs= 6.18 x 105 cm/sand T = H/cs = 22.6 s 
and for the coronal initial state, H = 2.3 x 109 cm, Cs = 8.0 x 106 emfs and T = H/cs = 290 
seconds. The minimum plasma /3's of the photospheric and coronal arcades are 0.86 and 
0.41 respectively. 
Profiles of the magnetic field strength as a function of height through the centers of 
the two arcades are shown in Figure 5.1 while the density stratifications for the the two 
atmospheres are shown in Figures 5.2 and 5.3. Examining the density, we see that magnetic 
field lines of the arcades enclose cavities of low-density plasma. Force balance is established 
by the magnetic pressure replacing the plasma pressure lost by the density depletion while the 
112 
4000 1.0 
Photospheric Arcade Coronal Arcade 
0 .8 
3000 
. 0 .6 
(/) 
~ 2000 
l' 
0 .4 
1000 
0 .2 
0 ...........,.,..__._....__.__._.........._,_,.._._._.L..U..JU..U...LI..L.~........,,....L..U..JLI...A.0.-'-',,'-.L..U..J........., 0 . 0 '----'---'---'-----L---'--'--'----'---'---'--..__'-'--'---'---'---' 
-2x107 -1x107 0 1x107 2x107 3x107 -2x109 0 2x109 4x109 
z/cm z/cm 
Figure 5.1: The magnetic field strengths of the initial-state photospheric and coronal arcades 
are plotted as a function of height through the centers of the arcades and are shown on the 
left-hand and right-hand sides respectively. We find that in both cases the field strength 
rises and falls off gently, reaching a zero value on as </>a ---+ </>0 and </>a ---+ V(</>0 /2) for the 
photospheric and coronal magnetic arcades respectively. 
downward magnetic tension force is offset by the buoyancy of the cavity. This configuration 
sets the stage for the positive feedback between the buoyant expansion of the arcades and the 
accumulation of longitudinal flux by Alfven waves that will ultimately lead to the disruption 
of the arcades. 
For our photospheric model, the single magnetic arcade is contained in a 6000K plasma 
that extends from the bottom boundary of the computational domain placed at Zmin = 
-2.0 x 107cm, to a height of Zmax = 6.0 x 107cm, and extends horizontally from Ymin = 
-2.0 x 107cm to Ymax = 2.0 x 107cm. For our coronal.model, the single magnetic arcade is 
contained in a 1.0 x 106K atmosphere that extends from Zmin = -3.3 x 109cm to a height 
Zmax = 3.3 x 1010cm, which is approximately half a solar radius above the bottom boundary. 
In the horizontal direction, the computational domain extends from Ymin = -3.3 x 109 to 
Ymax = 3.3 X 109cm. 
5.2.1 Numerical procedures and boundary conditions 
labelnumer.pro The simulations in this chapter were performed with the ZEUS-2D code, 
which is briefly discussed in Chapter 4. In both simulations, we compile ZEUS-2D strictly 
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Figure 5.2: The plasma density for the initial state of the photospheric arcade is plotted 
as a function of horizontal distance, y, (top image) and as a function of height, z, (bottom 
image) both through the center of the arcade in their respective directions. The plots clearly 
reveal a cavity that is only one half the density of the background atmosphere .. 
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reveal a cavity that is only one fourth the density of the background atmosphere. 
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for ideal MHD using the rotation option to evolve the component of the velocity field, vx, that 
is in the invariant direction. The grid configuration for the two simulations in this chapter 
is Cartesian, with non-uniform spacing in the vertical direction to provide high resolution of 
the arcades in their initial configurations. For the photospheric simulation, 150 grid points 
are evenly distributed between z = -2.0 x 107 cm and z = 2.0 x 107 cm while only 50 points 
are evenly spread over the upper half of the domain. For the coronal simulation, 130 grid 
points uniformly cover the interval between z = -3.3 x 109 cm and z = 3.3 x 109 cm while 
only 70 points evenly cover computational domain from z = 3.3 x 109 cm to z = 3.3 x 1010 
cm. For both simulations, 200 points are evenly distributed in the horizontal direction. We 
assume periodic boundaries at y = Ymin and y = Ymax, free (out flow) boundaries at z = Zmax, 
which allows waves to exit the system and a stationary (reflecting boundary) at z = Zmin 
with a line-tied magnetic field. 
5.3 Results of Numerical Simulations 
In this section, we present the results of two 2.5D numerical simulations designed to study 
the nonlinear disruption of sheared magnetic arcades resulting from buoyancy-driven insta-
bilities. The purpose of the first simulation is to model the nonlinear instability of a high 
field-strength arcade that exists low in atmosphere over a sheared magnetic neutral line. 
The modeled instabilities may be related to flaring events often observed to occur along the 
most sheared portions of magnetic neutral lines. The second simulation addresses a much 
larger and weaker magnetic arcade that lies high in the solar corona. In this case, the dis-
ruption of the arcade can be convincingly compared to coronal plasmoid ejections and also 
has implications for the disruption of helmet streamers during CME's. 
5.3.1 Photospheric model 
To initiate the growth of an instability, the photospheric arcade is given a velocity pertur-
bation of the mathematical form 
( Y ) ( 41 Z - Zc I) Vz = vocos 2H exp - H (5.15) 
Here, the amplitude is v0 = 0.08c8 and Zc is calculated so that the perturbation is centered 
vertically on the topmost field line of the magnetic arcade. The imposed velocity is confined 
horizontally to a narrow region centered on the arcade for which I y I < . ( 7r H / 8). 
We find in Figure 5.4 that the system responds to this perturbation with a very modest 
and irregular growth in kinetic energy that roughly increases with an e-folding time of= 28r 
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Figure 5.4: The kinetic energy (solid line) of the photospheric arcade and surrounding atmo-
sphere is shown as a function of time during the development of the instability of the arcade. 
During the first 1000 seconds after the arcade is perturbed, the kinetic energy increases very 
little as the arcade slowly expands. Between 1200 and 1600 seconds, the kinetic energy en-
ters a period of super-exponential growth as the arcade erupts, culminating in the ejection 
of a flux rope at 1625 seconds. Afterwards, the kinetic energy drops to a nearly constant 
level as the arcade evolves nearly quasi-statically. At 3000 seconds the kinetic energy again 
enters a phase of super-exponential growth associated with the arcade's second eruption. 
The magnetic energy (shown as a series of squares) increases prior to arcade eruptions, then 
drops during the eruptions themselves. Thermal and gravitational energy, (triangles and 
diamonds respectively) show little change on the logarithmic scale. 
117 
t = 0 sec t = 1000 sec 
6X 107 6x107 
90 
4X1Q7 4X107 
75 
60 
E 
2x107 E 2x107 u u 
';:;- ';:;-
45 
30 
0 0 
15 
-2x107 
-2x107 0 
- 2x107 -1 x107 0 1x107 2x107 - 2x107 -1 x107 0 1x107 2x107 
y/cm y/cm 
t = 1500 sec t = 1625 sec 
0 0 
-2x107 
- 2x107 - 1x107 0 1x107 2x107 
-2x107 
- 2x107 - 1x1 07 0 1x107 2x107 
y/cm y/cm 
Figure 5.5: The time evolution of the magnetic field of the sheared photospheric arcade is 
shown as a sequence of images covering the first 1625 seconds of the simulation. The images 
show the field lines projected on the y - z plane in black and the shear angle measured 
between the field lines and the plane of variation is shown in false color. The evolution 
occurs slowly as the field lines in the upper part of the arcade begin to expand upwards and 
spontaneously shear. In the final frame, we see that the arcade erupts upwards and necks 
off in the process. Magnetic reconnection occurs and a flux rope is ejected from the arcade. 
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Figure 5.6: The time evolution of the magnetic field of the sheared photospheric arcade is 
shown as a sequence of images covering the final 1475 seconds of the simulation. The images 
show the field lines projected on the y - z plane in black and the shear angle measured 
between the field lines and the plane of variation is shown in false color. Here, we find that 
the arcade continues to expand after the eruption however, we now find that the location 
of increased magnetic shear occurs further down in the arcade. In the final frame of the 
series, we see that the arcade erupts a second time to produce a flux rope that is larger and 
contains twice as many field lines as the first ejected flux rope. 
119 
(630 seconds). The energy increases in this way for the first 1000 seconds during which time 
the arcade gradually expands upwards and spontaneously shears as can be seen in Figure 5.5 
This shearing occurs as Alfven waves transport longitudinal flux from the lower legs of the 
arcade into the expanded field crests seen as magenta regions in Figure 5.5. (This shearing 
process is identical to that modeled in ascending loops reported in Chapter 4). At 1200 
seconds, the system enters a period of super-exponential growth in the kinetic energy which 
corresponds to the rapid rise of the upper portion of the arcade, as seen in the lower left 
frame of Figure 5.5. The kinetic energy reaches a maximum value at approximately t = 1600 
seconds, corresponding with the ejection of a flux rope that has formed by the pinching off 
and reconnection of the arcade field lines. 
· After this eruption, the arcade settles down and one would believe that the system, having 
expended its free energy, would now approach an equilibrium state. However, what is truly 
remakable about this simulation is that the evolutionary sequence of a slow rise culminating 
in the eruption of the magnetic arcade repeats. What distinguishes this eruption from the 
previous one is that the longitudinal flux is now accumulating on field lines twice as far down 
in the arcade. When the second eruption occurs (see Figure 5.6), it involves twice as many 
field lines as the first. The difference can be clearly seen in the first and second flux ropes 
ejected from the arcade, which contain four and eight field lines respectively. Consistent 
with the difference in field lines, inspection of Figure 5.4 reveals that the second eruption is 
2. 7 times more energetic than the first. 
5.3.2 Coronal model 
The velocity perturbation prescribed for the coronal arcade is given by equation (5.15) which 
is the same formula used for the previous simulation with the exception that v0 = 0.0625c8 
and appropriate values of H and Cs are used for the higher temperature atmosphere. In 
response to this perturbation, the coronal loop rises almost quasi-statically with no cumu-
lative growth in the kinetic energy for more than 30,000 seconds ( = 1037) as seen in Figure 
5.7. During this period, the upper seven magnetic field lines of the arcade slowly rise and 
spontaneously shear as seen in Figure 5.8. The arcade grows increasingly distended and by 
t = 31, 000 seconds, it very rapidly erupts upwards as seen in the last two frames of Figure 
5.9 During the eruption, the rising loop necks off and the field lines reconnect by numerically 
induced diffusion. The reconnection separates the top portion of the loop into an isolated 
flux rope that is then ejected into the field-free atmosphere above. 
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Figure 5.7: The kinetic energy of the coronal arcade and surrounding atmosphere is shown 
as a function of time during the development of the instability of the arcade. Notice that 
during the first 10 hours after the arcade is perturbed, the evolution of the system is nearly 
quasi-static with no cumulative growth in the kinetic energy. Then, during the eruption 
that occurs in the final 40 minutes of the simulation, the growth in kinetic energy is super-
exponential. 
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Figure 5.8: The time evolution of the magnetic field of the sheared coronal arcade is shown 
as a sequence of images covering the first 6. 7 hours of the simulation. The images depict the 
field lines projected on the y - z plane in black and the shear angle measured between the 
field lines and the plane of variation is shown in false color. The evolution occurs very slowly 
as the field lines in the upper part of the arcade begin to expand upwards and spontaneously 
shear even as the field lines are anchored at the bottom boundary. Notice the highly sheared 
magenta regions forming on the loop crests. 
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Figure 5.9: The time evolution of the magnetic field of the sheared coronal arcade is shown 
as a sequence of images covering the last 3.2 hours of the simulation. The images depict the 
field lines projected on the y - z plane in black and the shear angle measured between the 
field lines and the plane of variation is shown in false color. The arcade continues to rise 
very slowly and grow increasingly more sheared as it does so. The arcade then reaches a 
critical point where it erupts very suddenly in the last 40 minutes of the simulation. In the 
final frame we see that magnetic reconnection occurs in the arcade to eject a flux rope from 
the system. 
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Figure 5.10: The vertical velocity, Vz, is plotted as a function of height through the center 
of the coronal arcade. Four curves are drawn showing the velocity at times t = 2.4 x 104 , 
3.0 x 104 , 3.3 x 104 , 3.45 x 104 and 3.6 x 104 seconds. The sequence of curves clearly show 
the large increase in velocity that occurs as the arcade erupts. 
124 
5.4 Conclusions and Comparison with Observations 
The nonlinear development of the instabilities of the sheared arcades is clearly marked by 
two distinct periods of evolution. During the first phase, the arcades rise and spontaneously 
shear near the crests of the field lines. This evolution occurs almost quasi-statically, with 
little or no discernible growth in kinetic energy over a period of time that is much longer 
than the dynamic time scale. After the arcades have risen sufficiently, the evolution enters 
a second phase that is characterized by the sudden eruption of the upper portion of the 
arcades. Figure 5.10 shows the acceleration of the vertical velocity of the coronal arcade as 
it makes the transition from near quasi-static evolution to a sudden eruption. The velocity 
of the plasma that characterizes the slow growth is tiny fraction of the sound speed (2%-
3%), which indicates that the system cannot be far removed from equilibrium. When the 
arcade erupts, it rapjdly accelerates to a velocity that approaches the isothermal sound speed. 
During both photospheric and coronal arcade eruptions, the kinetic energy increases by a 
factor of 30 in a period of time that is one-tenth that required for the preceding evolution. 
The time scales, energetics and velocities suggest that eruptions occur as the arcades sud-
denly experience a complete loss of equilibrium, in which pressure and buoyancy overwhelm 
the magnetic tension force. The arcades are brought to this state by the slow growth of 
a buoyancy instability, during which longitudinal flux is transported to the expanding field 
crests by shear Alfven waves, the basic physics of this process that is demonstrated in Chap-
ter 4. Even after an arcade suffers an eruption, the positive feedback between longitudinal 
flux accumulation and arcade expansion continues, so that the eruptions may repeat. This 
evolution is much different than the unstable atmospheres possessing magnetic layers that 
were the subject of study in Chapter 4. In those cases, the systems quickly enter a phase in 
which a magnetic loop buoyantly ascends from the layer. During this ascent, kinetic energy 
increases exponentially with a well defined e-folding time, as is seen in Figure 4.2, after which 
the energy decays. 
The simulations presented in this chapter compare favorably with a number of observa-
tions. The clearest comparison can be made between the model coronal arcade eruption and 
plasmoid ejection observed in soft X-ray images by Magara et al. (1998) of the solar corona. 
In one case, they observe the upper portion of an arcade rise up, neck off, and separate as 
a isolated bubble that moves upwards with a velocity of 150 km/s. The energy of the event 
is estimated to be 1027 ergs. In comparison, the simulated eruption in Figures 5.8 and 5.9 
has the same appearance as the X-ray images and common length scales. The model and 
observed arcades measure 6.5 x 109 cm and 7.3 x 109 cm wide at the base, respectively. The 
flux rope ejected from the model arcade rises with a velocity of 70 km/s with a kinetic energy 
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of 6.0 x 1026 ergs (assuming the arcade extends no farther in the invariant direction than it 
does in the y direction). 
CME's are characterized by being 3-4 orders of magnitude more energetic than plasmoid 
ejections, and they hurl far more mass into the interplanetary medium. While the simulated 
coronal arcade eruption is too small in scale to represent a CME, it does produce features 
associated with CME's. For example, the swelling of the arcade prior to eruption is consistent 
with the general observation that not every helmet streamer is ready to erupt into a CME. 
Only those that swell to above average size in helmet and streamer widths, and that exhibit 
a cavity do so. After the CME event, a new helmet often reforms (Hundhausen 1998). The 
ejection of a flux rope in our simulations is consistent with the identification of interplanetary 
magnetic clouds in the solar wind (Burlaga et al. 1998). The sheared magnetic fields of the 
arcade serve to store free magnetic energy for the CME. However, it is likely that a flux rope 
may need to be incorporated as part of the initial state to provide sufficient energy (Aly 
1991, Wolfson & Dlamini 1997). Finally, we note that in the simulated arcade eruption, the 
magnetic field opens up and reconnects to produce an outgoing flux rope. Such reconnection 
may readily explain two-ribbon flares observed to occur after CME's lift off. 
The dominant theoretical model used to explain the reconfiguration of large scale coronal 
arcades has been the shearing of magnetic footpoints by slow photospheric motion (Mikic it 
et al. 1988; Choe & Lee 1991; Mikic & Linker 1994; Wolfson 1995). Our model of coronal 
arcade disruption differs from these earlier works in several significant ways. Here, we find 
that the free energy for the coronal arcade eruption exists in the equilibrium configuration, 
so that driving the system is not required. Instead, the system evolves by MHD instabilities. 
Furthermore, we find that the instability of the arcade develops over a long period before 
the occurrence of an energetic eruption. What is most important, we find for the first time 
that shearing motions can occur in an arcade even when the field lines are tied to a fixed 
boundary. In this case, the shearing is driven by the Lorentz force, and takes the form of 
nonlinear Alfven waves acting to transport longitudinal flux to the expanded portion of the 
magnetic arcade. 
The dynamics exhibited by the photospheric arcade may have implications for activity 
and flaring observed at bipolar active regions. The free energy stored in sheared magnetic 
fields has long been considered the primary source of energy released in flares. Consistent 
with this belief are observations that flares most often occur along the most sheared por-
tions of magnetic neutral lines. The shear has most often been assumed to develop through 
footpoint translations at the photosphere. In contrast, we find in our simulations that the 
magnetic field evolves to a highly sheared configuration by the action of Alfven waves even 
as the footpoints are held stationary. Furthermore, we find that the magnetic shear lost from 
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the arcade to the ejected flux rope through field line reconnection is rapidly replenished by 
Alfven waves. This natural tendency of the magnetic field to remain sheared after recon-
nection is consistent with evidence of fields that remain persistently sheared throughout a 
period of flaring (Hagyard, Moore & Emslie 1984) Finally, it is often observed that flares are 
homologous in the sense that they reappear at the same location with comparable energy, a 
characteristic clearly seen in the multiple eruptions of the photospheric arcade. 
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Chapter 6 
Conclusions and Future Work 
In the solar atmosphere, the emergence of magnetic flux and the formation of bipolar active 
regions are certainly 3D processes and so, too, the process of magnetic arcade eruptions. 
Fortunately, the software and massive parallel computers that currently exist to address the 
3D nature of these physical processes and the task of doing so will no doubt be as rewarding 
as it is challenging. The studies undertaken in this thesis are limited to two dimensions, with 
the belief that much needs to be learned from these simplified models before we can begin 
to understand the much greater complexity of MHD systems in thee-dimensional space. In 
fact , there is such a great richness of MHD phenomena in two dimensions that there is 
more than ample justification for performing an in-depth analysis and simulations of 2D 
systems. Furthermore, as we have demonstrated, our 2D models are able to provide a 
physical explanation of some complex phenomena occurring in the atmosphere of our sun. 
To begin, the equation describing magnetostatic atmospheres is nonlinear, so even in 
2D space the vastness of equilibrium states available to a properly prescribed system is 
not completely known. Furthermore, the magnetic field lines themselves comprising a 2D 
atmosphere can trace out fully 3D curves in space, the only requirement being that these 
curves repeat in the invariant direction. In the event that nonlinear solutions can be found 
for the force balance equation, it is very informative to look carefully at these solutions, not 
just as mathematical curiosities, but as physical entities and ask why it is possible that such 
a system can be in equilibrium. The answers to such question have a great deal to teach us 
about basic MHD principles and even offer insight to the nonlinear dynamics of magnetized 
atmospheres. 
For example, take the Dungey and shear solutions discussed in Chapter 2. At first, they 
look like attractive solutions, but what could they possible teach us about MHD? Upon 
further reflection one finds that these solutions possess the special property that the field 
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lines are curved in such a way that the magnetic pressure falls off exponentially along field 
lines just as the isothermal plasma pressure does. This property has enormous consequences 
in that it allows the nonlinear PDE for force balance to be posed as the system of ODE's, 
which allowed these equilibria to be discovered in the first place. It also allows for free flux 
profiles so that each family contains an infinite number of members, and it allows those 
members to be matched with a field-free atmosphere along any given field line. Finally, as 
we have shown in Chapter 3, this property ultimately allows the equilibria to be deformed in 
continuous sequences of members of the same solution, under the constraints of ideal MHD 
with no change in potential energy. 
It is remarkable to find that the very simplest magnetized atmospheres, those possessing 
isothermal plasma and straight field lines pointing in a uniform horizontal direction, may 
attain an infinite number of equilibrium states that are of two distinct geometries. Moreover, 
the equilibria form continuous sequences that the system may move through with no change 
in potential energy. With this realization, · the solutions become analytical models for the 
quasi-static evolution of magnetized atmospheres, in which one can precisely measure how the 
plasma flows, and the field lines bend, in order to stay in equilibrium. Look at a sequence of 
Dungey equilibria as the undulations of the field lines grow in amplitude, and we see plasma 
drain down the field lines from the crests to the valleys. The siphon flow continues on a field 
line as the crests rise higher, until they reach z -+ oo and all the plasma on the field line is 
then contained in the valleys. 
Examining a sequence of shear equilibria, we see a more complex equilibrium state in 
which the plane of variation of the undulations is at a 45 degree angle to the field lines, 
rather than being parallel to the lines as in the Dungey case. When we .look at a shear 
sequence, we see the field lines bend from their planar state, to become sheared at the crests 
of the undulating field lines. This shearing increases as the undulations grow in amplitude, 
to attain a perfect zig-zag pattern on the x - y plane when the field crests reach z -+ oo. 
Examining this motion with regards to the force balance and induction equations, we see 
that the shearing is the dynamical consequence of the requirement for force balance in the 
invariant direction. In this study, we become intimately familiar with how a system will 
evolve to keep the longitudinal field strength constant on a field line. 
When 2D time-dependent MHD simulations of the rise of arcades from a magnetic layer 
with a field component in the invariant direction, we find that the same shearing now occurs 
dynamically. Furthermore, we find a tendency for the magnetic shear to propagate as Alfven 
waves into the expanding part of the magnetic field. This is the Cartesian version of the 
effect of propagation of twist into the expanding part of a newly emerged magnetic flux 
rope suggested by Parker (1979). The nonlinear Alfven waves transporting the magnetic 
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shear to the upper atmosphere in the simulations have characteristics of observations the 
photospheric level when the model atmosphere is given basic solar characteristics. In this 
case we find that the self-induced shearing process reproduces in surprising detail many 
observations of solar active regions that previously could not be related by an encompassing 
theory. These observations include appearance and shearing behavior of field lines that have 
been observed in active regions in the solar chromosphere in the Ha spectral line (Brants 
1985, Strous et al. 1996) and the observed shear pattern found over photospheric neutral 
lines (Foukal 1971; Zirin & Wang 1993; Golub et al. 1994). Also, the modeled shearing is 
found to occur impulsively on a time scale consistent with the observations of Wang et al. 
(1994). 
Finally, we perform similar simulations of instabilities of sheared magnetic arcades that 
are of a form given by Low & Manchester (2000). In this case, we find that the arcades, when 
perturbed, initially expand slowly and shear to accumulate longitudinal flux near the field 
line crests. Eventually, the arcades lose equilibrium and violently erupt. These simulations 
of arcade eruptions are unprecedented and significant in three major ways. First, the arcade 
eruptions are the result of MHD instabilities. Second, magnetic field line shearing is an 
intrinsic aspect of the instability that spontaneously occurs and is driven by the magnetic 
tension force. No imposed shear motions are specified. Third, in the case of the photospheric 
arcade, the eruption process repeats with no prompting other than the initial velocity per-
turbation. Given the success of these models, one must question how 2D simulations could 
be so effective at modeling solar magnetic activity that occurs in 3D space. At the moment, 
we can only suggest that it is because the shearing motions are so effective in transporting 
magnetic flux from deep below the atmosphere that it may be an inevitable process of flux 
emergence. 
6.1 Three-Dimensional Simulations 
label3Dsims 
MHD processes physically well understood in the presented 2D models must be stud-
ied in their richer forms in realistic 3D geometry in order to provide theoretical insights 
into the physical processes that may be essential to flux emergence and CME's. The most 
straightforward way to do this would be to employ the previously used initial states for 
3D simulations and impose 3-dimensional velocity perturbations to study the 3D dynamical 
response of the systems. Also, fully 3D initial equilibrium states are available and ready to 
be so exploited. One class of such 3D initial states is given in Low & Manchester (2000) 
and obtained by analytically extending the 2D sheared arcade equilibria (previously used for 
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the 2D simulations) to allow for variations in three dimensions. This class of initial states 
includes those composed of a collection of inverse-U ropes of sheared magnetic fields, with 
finite rope thickness juxtaposed in a static atmosphere. The study of these initial states will 
be particularly useful since it allows us to touch base with the previous 2D results while 
making the extension to 3D variation in a graduated manner. We will also continue to 
work to find analytical solutions for new 3D initial equilibrium states suitable for numerical 
simulations. 
6.2 MHD Singularity Formation 
An important objective of future simulations related to this work should be to identify 
and model singularity formation in the derivatives of the magnetic field that occur during 
the MHD simulations of magnetic flux ropes ejected from the sheared magnetic arcades. 
It is the formation of such large gradients (manifested as current sheets from Ampere's 
Law J = 4: (V x B) that allow the magnetic field lines to diffuse and reconnect under the 
condition of extremely high electrical conductivity. This magnetic reconnection is central 
to the formation of the magnetic flux rope and its ejection from the magnetic arcade and 
is thought to be an essential process in CME's. To study this problem, we will apply 
analytical methods that have been developed to predict singularity formation in nonlinear 
fluid dynamics. In particular, we wish to implement the self-similar analysis recently applied 
to the fluid drop snap-off problem (Cohen et al. 1999) that has provided excellent agreement 
with experiments. 
We expect the self-similar analysis of fluid drop snap-off (Cohen et al. 1999) to be very 
applicable to magnetic reconnection and magnetic flux rope formation because the physics 
involved share some similarities. In the fluid drop snap-off problem, the fluid is held to the 
nozzle against the force of gravity by surface tension. As fluid leaves the nozzle, the weight 
of the fluid exceeds the surface tension and a fluid drop is formed and falls from the nozzle. 
When the drop falls, it remains connected to the nozzle for a short time by a fluid filament 
in which a singularity develops at the snap-off point (see Figure 6.1). In the ejection of the 
magnetic flux rope shown in Figures 6.1, similar processes are occurring but in the opposite 
direction. In this case, magnetic flux that points out of the plane of variation (color coded in 
figures) is the analog of the fluid, the difference being that it is buoyant and pushes upwards. 
Magnetic tension of the field in the plane of variation (black lines) pulls towards the surface. 
When sufficient flux accumulates in the arcade by action of shear Alfven waves, buoyancy 
exceeds the tension force and a loop rises into the atmosphere. In the process, field lines 
attaching the loop to the arcade are drawn into an increasingly thin magnetic filament so 
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that the ascending loop necks off to form a flux rope. Comparison between the fluid drop 
and the resulting flux rope (Figure 6.1) reveals that they are very similar despite a factor of 
108 in length scale. 
Current numerical simulations cannot begin to accurately model current sheet formation 
(that occurs in the narrow flux filament) in the physical regime of the solar corona that is 
characterized by magnetic Reynolds numbers of the order 1012 - 1018 . Rather, simulations 
are limited by numerical diffusion to Reynolds numbers that are of the order of 102 - 104. 
However, it is in precisely the regime of vanishing electrical resistivity, where numerical 
schemes fail, that we can expect singular growth of current sheets. It is also in this regime 
that the equations of MHD become scale independent, and we can apply a similarity analysis 
to the formation of the electric current sheet. Upon formation, the current sheet will collapse 
to very small length scales because of the extremely high electrical conductivity. In the 
absence of electrical resistivity, the current sheet would evolve to infinitesimal thickness and 
infinite current density. It is with regard to this physical process that we wish to analytically 
model singularity formation. 
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Figure 6.1: A comparison is made between a photograph of a water drop snapping off on 
the left (Cohen et al. 1999) with the simulation of a magnetic flux rope being ejected from a 
sheared photospheric arcade on the right. Despite the different physical regimes and vastly 
different length scales, the dynamics of the two events are much the same. The magnetic 
field lines of the arcade are shown projected on the y - z plane in black while the shear angle 
between the field vector and the y - z plane is shown in false color. 
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Appendix 
Calculation of Energy Differences 
Between Equivalent Equilibria 
The magnetic energy of the Dungey state may be calculated by using equations (3.5) and 
(3.9) to find the magnetic field strength B 2 = Ai<Pn exp(-z). Substituting this expression 
into equation (3.51), and integrating with respect toy from 0 to 47r, we arrive at, 
1 rt/>2 12 
Wm= -2 Jd </>nAn d<f>n , </>a (A.1) 
which is identical to the energy of the equivalent planar field. The field magnitude of the 
shear state may be calculated by using equations (3.5), (3.11), and (3.12) to find B 2 = 
2A~2 </>s exp(-z). Using As = ~An, we find the field strength is the same as the equivalent 
Dungey state. Integrating in y from 0 to 471", we again arrive at equation (A.l), showing that 
the potential magnetic energy is common to all equivalent states. 
The energy of the longitudinal component of the magnetic field for the shear state, Bx, 
can be found with equation (3.12), and we perform the energy integral with respect to the 
flux coordinate <Ps· We write the Jacobian of the <Ps -y coordinate system as -: 1/[</>s - cos(y)] 
and integrate over a single period in the y direction to find 
1 ln211" 1</>2 (</>~ - l)A~ Wml = - ( ) dy d<f>s· 87!" 0 t/>1 ( </> s - cos y ) (A.2) 
Completing the integration in y, we find 
1 rt/>2 v 12 Wml = 4 }t/>
1
¢; - 1A5 d</>s (A.3) 
which allows us, using equation (3.53), to express the ratio of the longitudinal to the total 
magnetic energy along individual field lines as 
dWm1 _ J<t>; - 1 
dWm 2</>s 
(A.4) 
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Next, we address the gravitational potential energy of the system. For the case of an 
isothermal plasma and uniform gravity, we use equation (3.3) to write the gravitational 
energy, W9 , as 
W9 = j Pexp(-z)z dV, (A.5) 
remembering that the pressure scale height is set to unity. Calculating W9 for the planar 
state with using the flux coordinate <I? and integrating over in y from 0 to 47r, gives the 
following: 
1il>2 W9 = -47r P( <I?) log( <I?) d<J? . il>1 (A.6) 
Calculating W9 for the Dungey state, we integrate over a region bounded by the same field 
lines as the contained in the planar state to find 
W9 = - t P(¢v) t 2log [cos m + J4>v - sin2 ml [i + y'¢::~;~2m] dy d¢v. 
(A.7) 
We are able to verify numerically that the integral with respect to y yields 
1</>2 W9 = -47r P(</>v) log(</>v) d</>v , </>1 (A.8) 
which is identical to the gravitational energy of the planar state. Calculating W9 for the 
shear state, we use the flux coordinate </>s and find 
1</>2 1411' W9 = - P(</>s) log (</>s - cos(y)) dy d</>s , </>1 0 (A.9) 
which may be integrated in the y coordinate yielding 
r"'2 [<t> + J<1>2 - 1] W, = -41r J,, P( ¢,)log ' 2 ' d</>s , (A.10) 
which is reduced in energy compared to the planar state. 
The gravitational energy in the field-free plasma above the planar magnetic layer is trivial 
to arrive at and may be written as 
(A.11) 
Performing the calculation for the field-free plasma that borders a curved field of the 2D 
states from above is more involved and leads to 
1
411' 100 W911 = P(</>1) exp(-z)z dz dy. 0 z(</>1,y) (A.12) 
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For the Dungey state, z(</>1, y) = -2 log [cos(~) + /<1>1 - sin2 (~) J, and when integrated 
with respect to z yields 
W911 = P(</>1) lo~~ { 1- 2log [cos(~)+ J<t>1 - sin2 (~)]} 
[cos m + J¢1 -sin'(~) r dy 
We are able to verify numerically that the above integral has the following solution: 
(A.13) 
(A.14) 
Subtracting the energy of the planar state from the above value, we find ~W9 = -47r P(</>1). 
For the shear state, z = - log(</>1 - cos(y)) , earring out integration with respect to z gives 
r4~ 
W911 = P lo [</>1 - cos(y) - </>1 log (</>1 - cos(y)) + cos(y) log (</>1 - cos(y))] dy . (A.15) 
Integration then follows from the use of 
r2~ lo cos(y) log(</>1 - cos(y)) dy - 27r ( </>1 - J </>~ - 1) (A.16) 
to arrive at 
W,n = 4" P [ v' ¢1 - 1 - ¢i log ( ¢i + ~ ¢l - 1)] (A.17) 
We then repeat the same procedure to find the gravitational energy in the field-free plasma 
below the magnetic layer. Summing the contributions from all three regions, we find the 
total gravitational energy of the system. We do this for the planar state as well and subtract 
the value in that case and write the difference for the energy of the Dungey state as 
(A.18) 
and for the shear state as 
(A.19) 
where we have already defined the functions P, f , and gin the main body of the text. 
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